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ABSTRACT

Modeling Where it Matters:
Redesigning Mathematics Education with Adolescent Girls of Color
by
Kara Louise Imm

Advisor: Karen Koellner
Mathematical modeling is not a new idea for mathematicians, scientists, and engineers. But until
recently it remained largely outside of the purview of most K-12 math educators. With the
adoption of the Common Core State Standards for Mathematics (Common Core State Standards
Initiative, 2010) modeling gained a more prominent place within math curriculum and
instruction. An iterative form of problem solving, which supports students to make generalizable
models instead of single-use solutions, modeling is now poised to be taken up as a practice in
classrooms across the country. The purpose of this research—a design study—is to understand
how a carefully crafted sequence of modeling investigations could support high school students
in two ways: to develop critical ideas within the study of algebra and to deepen their own
mathematical identities. The chosen participants of the study—all girls of color— have been
programmed to repeat their high algebra course several times, and thus are living evidence of the
inequitable gatekeeping effects of algebra. The study is poised to respond to the issues related to
algebra-as-gatekeeper to support both students and teachers alike.
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Chapter 1: Defining the Problem
Mathematics as Exalted Gatekeeper
Educational historian Herbert Kleibard (2004) has referred to mathematics as “a
cornerstone of scholarly study since the days of ancient Greece” (p. 225). Unlike other areas of
study, it has held an exalted position for over 2300 years. It was then, in The Republic, that Plato
made two related claims. He noted the importance of mathematics for all students, calling it
“virtually the first thing everyone has to learn…common to all arts, sciences, and forms of
thought” (p. 216). What he argued next was critical: that all students—particularly those destined
for commerce and business—should learn arithmetic (“the trivial business” made up of
computation and calculation). Advanced mathematics, however, was intended for those with
special aptitude: the future philosophers and intellectual leaders of the day. As such, two
powerful dynamics began: mathematics as a privileged status among disciplines and
mathematics as gatekeeper.
As the population of high school attending students expanded (particularly from 1900 to
1939), so, too, did the rhetoric about which mathematics was best suited for which groups of
students. The distinction between “academic mathematics” and “practical mathematics” grew out
of a reform movement concerned with how this “new population” of students would “cope with
the rigors of academic mathematics” (Kleibard, 2004, p. 227). Over time, academic mathematics
came to be associated with a “privileged elite” (Moschkovich, 2002), leaving women, people of
color and working-class people as identified with using only everyday mathematics (Lave,
1998). As such, mathematics, unlike other school subjects, has long been recognized as a
“critical filter” (Sells, 1978).
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Do we have an “algebra problem”?
The framing of mathematics that codified by Plato continues to this day, virtually intact.
But now, within K-12 mathematics education, it is algebra—unlike geometry or statistics or
trigonometry—that plays an exalted role. It has been “assigned a certain role, a certain place in
the education system” (Moses, 2001, p. 13), elevated as a gateway to advanced mathematics and,
by extension, higher education. The passing of an algebra course has also been shown to be a
predictor of the likelihood that a student will graduate on time. Analysis from California Dropout
Research Project found that students who passed Algebra I by the end of their freshman year
increased the odds of graduating on time by more than 75 percent (Silver et al., 2008). In this
way, algebra serves as a particular gatekeeping device with the secondary school curriculum—
sorting students into two broad groups: those who would have access to higher level
mathematics, and those who would not.
Algebra not only uniquely determines access to secondary mathematics, it serves as a
gatekeeper to college, playing a unique role as a mediator of four-year college and university
access. In fact, algebra has functioned as a gatekeeper for decades (Ladson-Billings, 1998;
National Research Council, 1998)—effectively creating a system such that “passing an algebra
course becomes a barrier to educational and economic advancement” (Greer, 2008, p. 425).
Knowing algebra has even emerged as a cultural symbol of a mathematically literate person; and
since literacy and citizenship are profoundly linked in our culture (Moses and Cobb, 2001), the
case can be made that its influence goes further:
So algebra, once solely in place as the gatekeeper for higher math and the priesthood
who gained access to it, now is the gatekeeper for citizenship; and people who don’t
have it are like the people who couldn’t read and write in the industrial age. But
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because of how access to—the learning of—algebra was organized in the industrial
era, its place in society under the old jurisdiction, it has become not a barrier to college
entrance, but a barrier to citizenship. That’s the importance of algebra that has emerged
with the new higher technology. It didn’t have to be algebra; that’s the decision the
mathematical community made over the years. (Moses and Cobb, 2001, p. 14)
To be clear, algebra was designed to serve this role—a deliberate decision by policy makers,
legislators and others to use a single high school course as a way to sort, label and mediate
opportunity for students, not only within school but beyond. Further, algebra-as-gatekeeper
would not be nearly as powerful were it not for the “high-stakes accountability measures that
define academic success in terms of success in algebra” (Kaput, Carraher & Blanton, 2008, p. 6).
Because mathematics education is embedded in a larger socio-political context, this
dynamic must be seen more broadly, where intersectional factors like race, class and gender are
also considered. Algebra is one part of a larger effort to partition mathematics education into
“tracks,” grouping students into their perceived ability. Beyond mere access, though, the
instruction that students receive has been shown to be markedly different within these tracks.
Both Anyon (1980, 1981) and Haberman (1991) demonstrated that when teachers received a
group of students identified as “low achievers” or “strugglers,” they were more likely to offer
them different instruction: low-level remediation focused on procedures. Research suggests that
when students experience math class as a rehearsal of “procedures that they may never need to
use again” (Boaler, 2016), it fails to engage them or promote deep understanding of
mathematics. In this manner, the instruction most often provided to “low track” students does
little to give them opportunities to learn or think deeply, keeping them situated in the tracks they
are assigned.

3

MODELING WHERE IT MATTERS
More troubling, it is well known that students of color—specifically Black and Latinx—
and low-income students are more likely to be placed (and kept) within lower track mathematics
courses (Cortes, Goodman, & Nomi, 2013). Tracking has been widely criticized for impeding the
academic progress of low-tracked students and exacerbating (not minimizing) existing
inequalities (Oakes, 2005; Powell, Cohen, & Farrar, 1985). In fact, tracking has been seen as
socially unjust since low-income students and students of color are overrepresented in these
‘‘dead-end’’courses (Oakes, 2005) where they experience both low-level context and low
expectations of them as learners (Powell et al., 1985).
When students do not pass algebra, it has become common to force them to repeat the
entire course. The premise that repeating the course will yield better results, however, is not
substantiated. According to one report, students who failed algebra and were forced to repeat it
were typically shown to do the same or worse in the subsequent attempts (Fong, Jaquet, &
Finkelstein, 2014). The Noyce Foundation in 2012 uncovered something even more troubling.
They studied algebra placement within nine districts in the San Francisco Bay Area, and found
that over 60% of students who had passed the algebra course as 8th graders—including those who
met or exceeded state standards on a California Standards Test (CST)—were placed into the
same course once they entered high school. This “repeating” paradigm proved to be racially
biased: data revealed that the vast majority of the repeating students were Latinx and/or African
American (Boaler, 2016). In effect, districts had filtered these students into lower tracks, a clear
form racial discrimination not isolated to this incident. In the ways I have elaborated here,
algebra functions as more than a gatekeeper; it serves to maintain a system of inequality rather
than operate as a “deliberate engine of mathematical power” (Kaput, et al., 2008, p, 6).
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Responses to the “algebra problem”
Given the high failure rate among algebra students, there exists the impression that many
students are struggling to learn formal algebra. So much so that first-year algebra courses were
once described as “an unmitigated disaster for most students” (NRC, 1998 p. 1). In response to
this “disaster” several state and local bodies responded. Typically, the responses have been
concerned with curriculum and pacing (e.g., what gets taught and where in the sequence it
falls)—leaving out other factors such as quality of teaching, availability of resources or
professional development, attention to early algebra (Kaput, Carraher, & Blanton, 2008), and the
social context of education. Several state legislatures have made the passing of an algebra course
a requirement for high school graduation, bolstered by support from educators who believe all
students should have access to algebra (Picciotto, 2020). The Algebra for All movement grew
out of these national concerns, calling for all students to have access to high quality algebra
instruction. Yet, because the focus was largely on encouraging students younger and younger to
have access to formal algebra—often well before they were ready—it was deemed to be largely
ineffective (Silver, 1985; Greer, 2008).
Other well-documented responses include: moving the entire course to 8th grade (e.g.,
mandated by the state of California), extending the course over two years, and giving students in
lower tracks twice as much algebra coursework. This final response—often referred to as
“double dose”—merits some exploration here, as it directly relates to this research. In 2003, the
Chicago Public Schools (CPS), responding to the algebra problem within the context of low
graduation rates, mandated that “struggling” students would be given twice as much instructional
time non-strugglers. In this context, this meant two blocks of math instruction during the day,
with a specific focus on problem solving skills. The first evaluations of CPS’s efforts reported
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“no improvements in 9th grade algebra failure rate.” More recent longer-terms studies suggested
possible gains for those with relatively high math skills and low reading skills, but “not
particularly effective for the average affected student” (Cortes, Goodman, & Nomi, p. 76). As
with other approaches, the double dose model has not consistently shown to be helpful in
disrupting the gatekeeping effects of algebra. Yet, nearly half of large urban districts report using
“double dose” instruction to support for lower tracked students (Council of Great City Schools,
2009)
It is important to mention how framing this interaction as a “dose” draws upon a medical
model. This is flawed and problematic for a number of reasons. When medical models are used
outside of medicine the analogies can be simplistic: the problems are typically located within the
individual (e.g., the students) and not within the system (e.g., the teaching, curriculum or school
environment). As a result, the solutions often entail treating the individual, and not attending to
the larger contexts in which these individuals exist. Here, it suggests that we can fix the algebra
problem by “treating” students alone. It alludes to a transmission model of instruction—the
teacher provides the adequate daily “dose” and the student receives the dose, eventually to be
“cured.” This notion of treating students as needing a “double dose” also begs the question: if
twice as much algebra is the treatment, what exactly was the affliction?
Situating this study within the “algebra problem”
Mindful of the powerful gatekeeping effects of algebra and the limitations of the
approaches so far, I have situated this study precisely where mathematics instruction unfolds: the
classroom. With this orientation, together with a group of high school students who have
experienced the gatekeeping effects of algebra firsthand, I will attempt to disrupt the typical
pattern of teaching and learning of algebra that has been shown to limit students’ understanding
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of mathematics. This design required that I consider several related aspects, including a)
procedural and conceptual knowledge b) problem solving in context c) problem solving as
“type” d) mathematics as sense-making and e) the centrality of function, and its relationship to
proportionality, within algebra. In the sections that follow, I will synthesize the literature in each
of these areas, relating it to the design of this research.
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Chapter 2: Literature Review
The role of procedural and conceptual knowledge
Problem solving in mathematics requires at least two major forms of mathematical
knowledge. Procedural knowledge, as defined by Hiebert and Lefevre (1986), involves “the
formal language, or symbol representation system of mathematics….and the algorithms, or rules,
for completing mathematical tasks” (p. 6). Conceptual knowledge, by contrast, can be envisioned
as “a connected web of knowledge, a network in which the linking relationships are as prominent
as the discrete pieces of information” (Hiebert & Lefevre, 1986, p. 4). To solve the kinds of
problems that are currently demanded of many areas of science, technology, engineering, and
mathematics (STEM) requires both procedural and conceptual knowledge and the ability to
develop relationships between them. This balanced approach is consistent with national
standards, policy briefs and other proposed reforms from organizations such as the National
Council for the Teaching of Mathematics (NCTM) that call for the development of both
procedural and conceptual knowledge.
Yet for many students, especially those in lower tracked mathematics, the central focus,
and enduring residue, of their mathematical education has been on procedural knowledge. While
procedural knowledge, sometimes referred to as fluency, remains undoubtedly critical, it does
not suffice on its own. Students also need a solid grasp of the overarching mathematical ideas
that weave together isolated facts and knowledge (Kilpatrick & Swafford, 2002). Without this
more integrated knowledge, argue Hiebert and Lefevre (1986), “Students may have a good
intuitive feel for mathematics but cannot solve the problems, or they may generate answers but
not understand what they are doing” (p. 9). It is also the case that having conceptual knowledge
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helps students to transfer mathematical ideas from one context to another—a vital requirement
for mathematicians who encounter both familiar and non-routine problems.
Procedural knowledge and the development of identities
The focus on procedural knowledge not only shapes learning; over time, it shapes
identities. It is well-established that, through instructional activity, students develop attitudes,
feelings and beliefs about mathematics which, in turn, shape their developing mathematical
identities (Carpenter, Fennema, Peterson, Chiang, & Loef, 1989; Boaler, 2016). Research has
shown the unintended effects of largely procedural mathematics education—that students have
been enculturated to treat school mathematics as a collection of isolated facts and skills, radically
different than the mathematics of everyday life and often irrelevant and not useful (Saxe, 1988).
Hiebert (1997) notes that:
If mathematics is considered only as rules we memorize and practice, then thinking
about these may be considered a waste of time. If mathematics is something we do
only in school, then there is little point in developing a sense of when and how to
apply mathematics. (p. xiv)
For good reason, students have learned to separate school mathematics from lived mathematics, in
part because these experiences have felt distinctly different. Taken together these studies shed light
on how the privileging of procedural knowledge—especially where students practice, rehearse or
even memorize rules and procedures—may limit students to become robust and flexible problem
solvers and deny them the chance to develop both forms of knowledge.
Problem solving as “type”
Consider, for example, students who begin math class by listening and watching their
teacher define and demonstrate how to solve an algebraic equation like 28x - 10 = 12x + 54
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using a preferred method. Afterwards, they complete a set of nearly identical problems which
will serve as practice for this “type” of problem. Typically, these students are later assessed
individually (e.g., quiz, test, exit ticket) to determine if they have mastered solving in the same
way as their teacher. Under this instructional model—often called “I do, we do, you do”—
students are likely to associate mathematics with specific activities such as: watching and
listening to their teacher, perhaps taking notes, practicing procedures, and if needed, memorizing
such procedures. These activities—taken together—do not fully encompass what it means to do
mathematics. More importantly, this approach does not allow students to make meaning, a
central feature of mathematics.
The example above is meant to illustrate and critique a larger philosophy of learning rooted
in behaviorist models first popularized in the 1920’s. Within this paradigm:
Learning is seen to be linear and sequential. Complex understanding can only occur by
the accretion of elemental, prerequisite learning…The whole idea is to break desired
learning into constituent elements and teach these one by one. (Shepard, 1991, p. 6)
In other words, mathematics under a behaviorist view assumes that more complex and integrated
understanding must be deconstructed—or “broken down” —for students into small lesson-sized
components. Each component is mastered independently, one at a time, usually out of context
and not in relation to other components. Over time, according to behaviorists, students will come
to see how each of these components are related and be “ready” for larger, more complex ideas.
Research in cognitive and developmental psychology has upended these views, revealing that
this perceived hierarchy of skills (from lower order to higher order) did not reflect how students
actually construct meaning (Resnick & Resnick, 1992). Yet, the beliefs and associated practices
are still common, particularly in the context of high-stakes testing (Office of Technology
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Assessment, 1992) and within the field of special education. Research confirms that students of
color, especially those from low-income communities, are more likely to experience this type of
low-quality instruction—effectively being denied the kind of rigorous, high-quality instruction
that their White, middle and upper class peers receive (Au, 2016; Ullucci & Spencer, 2009;
Weiss, Pasley, Smith, Banilower & Heck, 2003; Lee, Smith, & Croninger, 1997).
An explicit goal of mathematics education is to help students attend to structure,
becoming aware of the structure of mathematical ideas across a variety of contexts. But when
students have been conditioned to solve problems (aligned with the same solution) in isolation, it
is challenging for them to know what is outside of this type. Research suggests that when
students (like the ones described earlier) encounter a “new” problem— that diverges from the
types they know how to solve—they may a) assume they do not know how to approach it b)
become more dependent on their teacher for support, c) use the last procedure they recall doing
in mathematics class, or d) simply avoid solving them. This last response—resistance to
participation in mathematics class—may be especially pronounced in classrooms where students
are accustomed to an “I do, we do, you do” format or other forms of direct instruction or
transmission (Cobb, 1988). Students’ belief that they are “not equipped”Sam to solve a type of
problem is an important side effect of classroom instruction that over-relies on teaching one
problem type with an aligned procedural solution at a time.
The role of non-routine problems
When a student knows how to solve a problem, the strategy-to-solution pathway is
understood. But when the strategy-to-solution pathway is not clear, or when it falls outside of the
kind problem they have seen before, we refer to the problem as non-routine. Such problems can
feel more cognitively demanding for students, even though the mathematics may not necessarily
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more difficult. Non-routine problems have been defined by Scott (1994) as ones in which the
solution path isn’t immediately known or seen by the problem solver. The significant difference
is that the relationship between the problem and the required strategy is neither obvious nor
straight-forward (Verschaffel et al., 1999). Not surprisingly, students who can solve standard
problems with ease often struggle to be successful in solving non-routine problems.
Several theories explain why non-routine problems pose a particular challenge for students.
It is rare that students are invited to grapple with the “complex and problematic relation between
and mathematics and reality” or struggle with the “difficulties that can be raised in using
mathematics to solve real-life situations” (Verschaffel et al., 1999). Students might perform better
on non-routine problems if they were given the chance to solve such problems with more regularity
and accompanied by more reflection on the mathematics that results. That would entail disrupting
the pattern of standardized or routine problems often enough to allow students the chance to
experience and explore something different.
How testing reduces problem solving
As testing and other accountability measures take a greater hold on instructional
practices, it is more common for students to approach problems in context using a “key words”
strategy (Nesher, 1980; Schoenfeld, 1982). This approach, sometimes called a direct translation
strategy, entails associating mathematical operations to specific trigger words within a word
problem. For example, students may be taught to treat the word “of” as multiplication, even
when the situation isn’t multiplicative. Such an approach doesn’t consider the underlying
structure or intended meaning of a problem, and often leaves students with a simple matching
approach. This is another form of solving by “type” in which words in the mathematical context
are matched with operations, even when they make little sense. As discussed earlier, this is
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another example of the type of low-quality, “non-thinking” instruction that students of color,
children with disabilities and those from low-income communities are more likely to experience.
Particularly within high stakes testing contexts, many students have come to believe that
contexts in mathematics isn’t important. Students have been explicitly taught to identify the most
important parts of a test item (e.g., highlight, circle) and eliminate everything else, often
including the context. Context, for these students, can be seen as a flimsy motivational disguise
to get them to perform some mathematics, not as a sense-making device or as a relevant
construct. Sometimes the given problem situation is already “pre-structured or is nothing more
than a ‘dressing up’ of a purely mathematical problem in the world or a segment of the real
world. This is often the case with classical school word problems” (Blum, 2002, p. 153). This
“parsing down” habit may actually serve students well under testing conditions, where the
contexts may in fact not be particularly relevant or necessary to the mathematics. The problem is
that students over-generalize this test-preparation habit—assuming that context doesn’t matter,
and is unrelated, across all of mathematics.
Mathematics as sense-making
Problem solving requires students to consider and interpret context. As discussed earlier,
mathematics instruction has reinforced the belief that contextual features (including plausibility
and reasonable-ness) can be to be ignored when solving mathematical tasks. We know that all
students bring social knowledge—insights from their lives—to any setting, including the
classroom. But that knowledge, often reliable outside of school environments, can be in conflict
with the goals of mathematical problem solving. There is evidence to suggest that students have
come to understand solving word problems, as a specific activity unique to math class, which
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requires them to dismiss “any real life experiences” and simply accept the possible dissonance “as
part of the school ritual” (Nesher, 1980, p. 41).
It is not always true, however, that thinking about reality is in conflict with mathematical
problem solving. Reusser and Stebler (1997) noted the significant difference between the solving
of word problems and the practice of “mathematization,” described by Freudenthal (1973) as
“structuring the reality by mathematical means.” Here mathematization is meant to describe how
students can draw out important mathematics from real or realistic situations and then
investigate, explore or problem solve about that context-specific mathematics. Several studies
(Koellner-Clark & Lesh, 2003; Doerr & English, 2003 and 2006) indicate not only that students
can make meaningful connections to reality, but that such an approach supports specific
mathematical goals (e.g., data analysis, statistics, proportional reasoning). These studies all
utilized a particular type of investigation—model-eliciting activities—chosen because they were
known to promote student engagement within a realistic context while leaving a visible trail of
students’ thinking and reasoning (Doerr & English, 2003). This study takes up modeling as a
central feature, precisely so that students can use their lived experiences reliably within the math
classroom.
Despite several promising cases, there is evidence that most children, and adults for that
matter, tend not to mathematize reality, but in fact “neglect realistic considerations and to
exclude real-world knowledge from their mathematical problem solving” (Reusser and Stebler,
1997, p. 310). This general finding is supported by several important, and related, studies.
Raddatz (1983) found that students frequently solved problems without understanding them.
Others (Baruk, 1989; Reusser, 1988; and Schoenfeld, 1989) documented the ways that students
were able to “solve” unsolvable or even absurd problems when they were presented in ordinary
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classroom instruction. That is, students could perform procedures or calculations loosely related
to the problem, even though doing so had little to do with the context itself.
In a study by Reusser and Stebler (1997), fourth and fifth graders were invited to solve
two types of problems—straight-forward arithmetic problems and more “problematic” ones
(Figure 1). Here problematic meant that the context had to be considered in order to solve the
problem; that it was neither superficial nor easily discarded.
Figure 1
Example of Standard and Problematic Problems (Source: Reusser & Stebler, 1997, p. 312)
Example of Standard Problem:
A man cuts a clothesline of 12 m into pieces of 1.5 m each. How many pieces does he get?
Example of Problematic Problem:
A man wants to have a rope long enough to stretch between two poles 12 m apart, but he only
has pieces of rope each 1.5 m long. How many of these pieces would he need to tie together to
make the rope long enough to stretch between the poles?

While the same values appear in both examples, the inclusion of an important detail—tied
together ropes—turned a standard problem into a problematic one. Corroborating earlier studies,
students here showed only a minor tendency to integrate real-world knowledge when solving the
problematic problems. In fact, most students offered answers that made little sense. Reusser and
Stebler’s research adds to the growing body of literature that demonstrates the ways that
attending to reality outside of the math classroom has rarely been encouraged or utilized. Yet it is
the ability to consider, and make use of, the reality that plays a strong role in problem solving.
More evidence of this minimization of sense-making can be found in the National
Assessment of Educational Progress (NAEP), the largest nationally representative and ongoing
assessment of achievement in various subject areas, including mathematics. Representative
samples of 4th, 8th, and 12th graders across the United States regularly participate in the
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assessment and the results are used to paint a national portrait of progress or decline. In the Third
NAEP for 8th graders, students were asked to solve the following problem: An army bus holds 36
soldiers. If 1128 soldiers are being bussed to their training site, how many busses are needed?
(Carpenter, Lindquist, Matthews, & Silver, 1983, p. 656). Seventy percent of students could
correctly carry out the division of 1128 by 36, resulting in a quotient of 31 and a remainder of
12. But only 23% knew that the correct answer, given the context, was 32 buses. Nineteen
percent gave the answer 31 buses, while 29% believed it to be “31, remainder 12.” Here, a
procedure-only approach led students to solutions that did not take into account the realistic
constraints of the problem and ultimately, made little sense.
What is important to note—and will be seriously considered within this study—is how
students have come to believe the school mathematics doesn’t need to make sense. Perhaps more
alarming: that one can be successful at solving problems even when the problems or the
solutions do not make sense beyond the task. Lamon (1995) highlighted this idea by posing to
students statements such as, “If one girl has three brothers, then it is also true that two girls have
six brothers.” In doing so, she illustrated the ways in which instruction encouraged students to
suspend their disbelief and documented the resulting kinds of flimsy logic that students
developed as a result. Building upon Lamon’s work, Hiebert (1997) shared the same statement
with several students, one of whom revealed: “it really does not make much sense. But we are in
math class, so I guess it does in here” (p. viii). The uncertainty about whether or not common
sense is meant to prevail in mathematics, in school and beyond, poses a potentially major
challenge to students as problem solvers and to math instruction more broadly. By the time
students reach a gatekeeping class like algebra these patterns will pose a significant challenge.
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Why functions are important
Because this study is situated within an algebra-as-gatekeeper paradigm, it is important to
identify the central ideas to making sense of algebra. I will do that here, followed by a section in
which I connect these ideas to earlier concepts such as rate, ratio and proportionality provide a
foundation to many algebraic ideas, including function.
When solving problems there is often the need to explain and predict how changing
quantities are related. This central relationship, found across mathematics and especially within
algebra, is known as function. According to Carlson and Oehrtman (2005) the concept of
function “is central to undergraduate mathematics, foundational to modern mathematics, and
essential in related areas of the sciences” (p. 1). Dubinsky (1993) goes even further, stating that
“it can be argued that functions form the single most important idea in all mathematics, at least in
terms of understanding the subject as well as for using it” (p. 527). There have been repeated
calls for school curricula to place greater emphasis on functions (National Council of Teachers of
Mathematics, 1989, 1991, 2000). Yet, research has made clear that students continue to leave
high school and college with a fragile understanding (Knuth, 2000; Carlson, Jacobs, Coe, Larsen
& Hsu, 2002).
A myriad of research studies—among high school and college students—have shown that
the concept of function is among the most difficult to understand (DeMarois & Tall, 1999;
Knuth, 2000; Doorman, Drijvers, Gravemeijer, Boon, & Reed, 2012; Dubinsky & Wilson, 2013).
Defined formally, a function from x to Sam is “a correspondence that associates with each
element of x a unique element of Sam” (Clement, 2001, p. 745). Not surprisingly, students often
reject formal mathematical definitions as too abstract—as illustrated in the definition of
function—and instead craft a collection of mental pictures that they associate with a given
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concept. This working knowledge, called a concept image (Vinner, 1992), can be broader, more
limited, or have no relation to the formal definition. Unfortunately, Clement’s (2001) study
suggests that students’ concept image of functions tends to be simplistic—limited to a verticalline test of a graph, or a “machine” that produces an output whenever an input is supplied.
Additionally, students believed functions were always continuous, usually restricted to analytic
forms such as graphs or equations, and required an additional condition like one-to-one
correspondence (e.g., each element of the range corresponding with exactly one element in the
domain). In most cases, students’ concept images showed little alignment to the formal definition
of function. More importantly, they revealed deeply held misconceptions that may be the result
of a specific type of instruction which relies on prototypes of functions.
According to Carlson and Oehrtman (2005), students’ conceptual understanding of
function is vital and goes through two important stages. For students to succeed in higher
mathematics, they argue, they must move from an action conception of functions to a process
conception. This distinction, first made by Dubinsky and Harel (1992), proved to be an important
way to describe the conceptual hurdle many students face. They defined an action conception of
function as
…the ability to plug numbers into an algebraic expression and calculate. It is a
static conception in that the subject will tend to think about it one step at a time
(e.g., one evaluation of an expression). (p. 85)
Students who possess this view have trouble reasoning dynamically because they are overly
focused on performing individual computations, one after another, usually in isolation. The idea
of a relationship between input and output values (and the dynamic, continuous nature of this
relation) is not present, except when values are considered one at a time. In general, students
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who only hold an action view do not possess the flexible and holistic understanding of changing
quantities that will be required for the study of higher mathematics such as calculus.
In contrast, students with a process conception see functions differently. Dubinsky and
Harel (1992) describe this view:
A process conception of function involves a dynamic transformation of quantities
according to some repeatable means that, given the same original quantity, will
always produce the same transformed quantity. The subject is able to think about
the transformation as a complete activity beginning with objects of some kind,
doing something to these objects, and obtaining new objects as a result of what
was done. When the subject has a process conception, he or she will be able, for
example, to combine it with other processes, or even reverse it. (p. 85)
Recall that students bound to an action conception might envision an equation as a “set of
directions” (Carlson & Oehrtman, 2005, p. 9) that tells them what to do with x to get Sam. Under
this view, for example, Y = 2x + 3 means take every single value of x, double it and add 3. By
contrast, students with a process view can imagine the entire process happening at once—they can
envision an infinite set of points that fit this description. They are able to imagine, in a way, a set
of input values mapped onto a set of corresponding output values. When the equation is changed
to Y = 2x + 4 those with a process view do not recalculate the points using a set of directions, but
rather shift or modify the conception of Y = 2x + 3 to fit this new function.
Doorman and colleagues’ (2012) study mirrors the action-process distinction, but
describes the different “faces” of function, noting that “to make students perceive these as faces
of the same mathematical concept is a pedagogical challenge” (p. 1243). When students first
experience functions, they have an operational quality to them. That is, they may be seen as a set
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of mathematical procedures: operating on a set of inputs in such a way that they become a set of
outputs. A classic representation that underscores this type of functional understanding is the
input-output “machine.” Later, and particularly as students move closer to the study of calculus,
functions take on new meanings. Sfard (1991) notes that a structural character becomes
important—seeing functions not as collections of operations or procedures but as intact, whole
objects on which to operate, manipulate or otherwise transform. The transition between, and
coordination of, these two understandings is “fundamental” for conceptual understanding
(Doorman et al., 2012). Toward this end, a student who has a structural understanding and
understands the relationships between quantities of slope, for example, would more often “see”
the structure inherent in different problem-solving situations. From this point on, I will refer to
this important distinction using Doorman et al and Sfard’s language of operational and
structural views of function.
Evidence from the Fourth National Assessment of Educational Progress (NAEP),
administered in 1986, bolsters the claim that students think more operationally than structurally
about functions. The eleventh-grade students in the study presented “some intuitive knowledge
of functions” (Brown, Carpenter, Kouba, Lindquist, Silver & Swafford, 1998, p. 339) and were
able to perform tasks such as function recognition and evaluating specific values of functions. To
compute specific values of functions, students likely possessed an operational understanding of
functions. When structural knowledge of functions was required—as in the tasks to select the
graph of a function and its inverse—less than 20 percent of students responded correctly.
Mathematical representation plays a role in this distinction between operational and
structural views, and can either hinder or support understanding. Knuth’s (2000) study of high
school students in a variety of courses challenged the idea that beyond the first-year algebra
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course, exploration of the “Cartesian connection” (e.g., graphical representation) is necessary for
students. He asked students to solve a single problem, which could be solved either using an
algebraic (e.g., equation) or a graphical approach. In each case the graphical solution was both
efficient and easier, and yet, more than three-fourths of the students chose an algebraic approach.
Knuth offers several reasons why the graphical strategy may initially prove challenging for
students, but also questions the nature of instruction that students experience. “The majority of
students’ work with function,” he notes, “is restricted to the domain of algebraic representations,
and, as a consequence, students do not develop ability to flexibly employ, select, and move
between algebraic and graphical representations” (p. 506). This flexibility to move between and
among representations of the same function such as tables, graphs and equations demonstrates
why a structural view of function is important.
Within school mathematics, students often experience functions in a particular order,
usually by type and perceived level of sophistication (e.g., linear, then quadratic, then
exponential). It is usually the case that students spend a significant amount of instructional time
on linear functions. As a result, many develop the misconception that “every function is a linear
function” (Markovits, Eylon & Bruckheimer, 1988, p. 53). This may be explained either by a
curriculum that tends to privilege linear functions, often before other functions (or nonfunctions) are introduced. This is related to the earlier discussion of problem solving by “type” in
that when students are working within a limited mathematical domain—only reasoning and
solving problems that are linear—they are more likely to extend linearity to all new contexts and
problems.
This tendency towards “linearity” exists in other forms as well, particularly in its overgeneralization or misuse in non-linear situations. Freudenthal (1983) noted this tendency to apply
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linearity in any setting: “Linearity is such a suggestive property of relations that one readily
yields to the seduction to deal with each numerical relation as though it were linear” (p. 267).
Van Dooren et al (2004) lead a teaching experiment of ten lessons for 8th graders, designed to
disrupt the over-generalization of linear and proportional reasoning. As such, several of the
problems were situated in non-linear geometric contexts: when you scale up or down a geometric
figure (e.g., square, rectangle, cube) by a factor of k, will the area (or volume) also increase by a
factor of k? The study showed that, as a result of the instruction, the experimental group
performed significantly better on items which required non-linear reasoning. They did not,
however, display evidence of a conceptual change that the researchers had hoped. Specifically,
though students initially over-generalized proportionality (or linearity) in contexts where it did
not apply, they later under-utilized the idea. That is, they went from using the idea too often to
using it not enough, in both cases ignoring underlying concepts and structures to help them
reason about the problem at hand.
As the research indicates, developing ideas about function can be considered a hallmark
of mathematics instruction, particularly at the high school level. Research suggests that students
will need both operational and structural views of function for problem solving during the high
school and coursework beyond. This study is designed so that students can draw upon math they
know and create new mathematics; it requires them to utilize and make sense of procedures and
concepts simultaneously. In this way, it has the potential to help students develop both views of
function.
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Proportionality as a foundation to functions
Having established the centrality of functions in the study of algebra, it is also important
to note the key ideas that precede and support the development of function. When students
struggle to make sense of function, it is often the case that underlying conceptual ideas may be
“under construction” or never learned at all. This is true for many who experience a limited
procedural instruction, often associated lower tracked mathematics, and was true for many of the
participants of this study.
Ratio, rate and the development of co-variation
Reasoning with ratios involves attending to two quantities, and later, this will support
students’ ability to reason about the changing quantities of function. When students first
encounter a ratio (and later a function) it is common for them to focus on one quantity (or
variable), and then the other, continuously alternating between the two. This is known as
univariate reasoning (Harel, Behr, Lesh, & Post, 1994). Later, the students come to understand
that both quantities are related and in fact continuous. This leads them to the idea that a ratio,
while made up of two distinct quantities, can be thought of as a single image or object, not as a
series of alternating steps (Saddanha & Thompson, 1998). Students who can “hold in mind a
sustained image of two quantities’ value simultaneously” are believed to understand the idea of
co-variation. Understanding co-variation—the coordination of quantities, later the choreographed
and unified “dance” between variables—is not only considered an essential understanding for
rates and ratios but supports the development of function as well.
As necessary as it is, however, knowing how to coordinate two quantities is not sufficient
for understanding ratios or developing proportional reasoning. Initially, many students use
additive (not multiplicative) reasoning to reason about ratios. For example, in the problem:
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Khadijah walks 5 feet in 4 seconds. If Keisha walks at the same speed, how long will it
take her to walk 15 feet?
A student with additive reasoning might conclude 14 seconds—either because they see the
relationship between seconds and feet as “one less than” or because Keisha walks “ten more”
feet so it will take her “ten more” seconds. Students who possess additive reasoning—as many
do initially—are revealing they have not yet constructed a vital understanding about ratio: that it
is a multiplicative comparison of two quantities.
This multiplicative understanding of ratio will unfold as students begin to study concepts
like slope, linearity or other key ideas within algebra. Lobato (2008) found that a majority of
high school students have difficulty determining the effect of changing one quantity at a time on
the steepness of a wheelchair ramp as shown in Figure 2. Students knew that increasing the
height made the ramp steeper and decreasing it made it less steep. But beyond this, many
struggled to make sense of increasing the length of the base or of the platform. This illustrates
that knowing which quantities affect an attribute (e.g., steepness) and how they coordinate to do
so is critical.
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Figure 2.
The effect of steepness on a ramp (Source: Lobato, Ellis, Charles & Zbiek, 2010, p. 5)

When students are able to reason about a set of “infinitely many equivalent ratios” we say
they are able to reason about rate. Rate—as a construct—will have direct implications for the
development of slope, linearity and function within the study of algebra. Rate is often defined as
a multiplicative comparison of two quantities in which the quantities are of different units (e.g.,
gallons to miles). Ratio, by contrast, typically entails the same type of multiplicative comparison
in which the units are alike (feet to feet). Thompson (1994) challenges this definition, arguing
that the distinction between rate and ratio lies in the situation or context and not in the way that
students conceive of the situation. More importantly, by thinking of a rate as “infinitely many
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equivalent ratios” it is more consistent with how rate will come to be used in advanced
mathematics.
Developing proportionality
Proportionality plays a critical role in a students’ mathematics development and can be
considered a “watershed concept” as well as a “cornerstone of higher mathematics” (Lamon,
1993; Lesh, Post & Behr, 1988). A central idea is that a proportion is a relationship of
equivalence between two ratios. Proportional reasoning is complex with a deep understanding at
the center: that the ratio itself is constant while the corresponding quantities within the ratios
vary. Holding both the changing and unchanging aspects of a mathematical relationship should
not be minimized as straight-forward. When students are able to build on a proportion to
“develop a set of infinitely many equivalent ratios” they have achieved a “hallmark of
proportional reasoning” (Lobato, Ellis, Chales & Zbiek, 2010, p. 35). A deep understanding of
proportionality lays the foundation for several ideas in algebra including slope, rate of change
and function. To support the design and analysis of this study, I synthesized the literature here to
develop a hypothetical landscape of learning—a conceptual map (see Appendix A). This map
supported me to identify important strategies and “big ideas” in proportionality and relate them
to strategies and “big ideas” within function.
Having discussed the literature related to problem solving, function and proportionality I
will now explore two conceptual frames that guided both the design and the analysis of the
study: mathematical modeling and mathematical identity.
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Mathematical Modeling — A Conceptual Frame
Problem solving, as I have shown, is a complex endeavor—when students struggle it is
rarely the result of a single issue. Instead, there are a variety of contributing factors, each of
which were examined in the previous section: the over-reliance of procedural knowledge; the
presentation of problems by type; and the relationship between context and sense-making.
Currently, the two most common strategies to improve problem solving have not shown to be
effective. The first—encouraging students to master key skills and ideas in mathematics and then
apply them to a set of story or word problems—serves as the norm in most classrooms,
according to Hamilton (2007). But this “concept-then-word-problem” approach leaves students
ill-equipped to tackle more complex reasoning tasks outside of the math classroom, particularly
those that a 21st century workplace demands. A second approach—presenting students with a
repertoire of problem-solving heuristics (see Figure 3 for example), followed by a set of nonroutine problems to solve—has also been shown to be ineffective (Lesh and Zawojewski, 2007;
Schoenfeld, 1992; Silver, 1985). Both treat problem solving as a separate strand in mathematics,
isolated from the important relationships, models and systems that we want students to study. As
an alternative, English and Sriraman (2010) argue that the development of mathematical
concepts (e.g., proportionality, equivalence) should be driven by problem solving. They reason
that “students at all grade levels need greater exposure to problem situations which promote the
generation of important mathematical ideas, not just the application of previously taught rules
and procedures” (p. 267). The solution, they argue, lies in the use of mathematical modeling.
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Figure 3
Examples of problem solving heuristics (Source Unknown, New York City, 2017)

What is mathematical modeling?
The relationship between mathematics and the real world lies at the heart of mathematical
modeling. As humans first began to develop, codify and formalize mathematics, it became an
ever-more-useful way to understand the world around them. That mathematics is a “human
endeavor” (Jacobs, 1994), inextricably linked to cultural and social phenomena, is a wellestablished idea yet often left out of mathematics education research. The term mathematical
modeling—which arose out of the field of mathematics and can now be found in almost every
facet of science and social science (Pollak, 2011)—describes a more specific aspect of this
tenuous relationship between mathematics and the real world. The term is often used broadly
and, sometimes, in contradictory ways. Many would agree, however, that modeling primarily
refers to two types of central activities. First and foremost, modeling describes the act of
translating some aspect of the real world into mathematical terms (Gravemeijer, 1997) in order to
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solve or analyze a situation (Dossey, 1996). In other words, modeling as the act of creating an
“idealized version of a real-life situation” that has been “translated into mathematical terms”
(Pollak, 2011, p. vi). Second, modeling is not seen as straight-forward, “one-pass” problem
solving, but involves iterative processes. Understood by many as occurring in “cycles” (Lamon,
1997; Lesh & Harel, 2003), modeling can include any number of related processes: describing
the problem, establishing limiting assumptions, structuring a situation mathematically, selecting
and omitting variables, predicting behavior or results, interpreting, and validating possible results
(Blum, 2002).
Since modeling always begins in the non-mathematical domain—a problematic or
intriguing situation—it is often compared to problem solving as in “word problems.” According
to traditional views of learning (Lesh & Doerr, 2003), learning to solve “real life” problems is
often assumed to be more challenging than solving their “anesthetized counterparts in textbooks
and tests” (p. 4). Therefore, in a traditional problem-solving sequence, students are asked to first
learn decontextualized skills, facts and ideas. Only after some degree of mastery of these
elements do they encounter problems in context, usually for the purposes of practice or
application. Lesh and Doerr (2003), challenge this belief, offering an alternative: a modeling
perspective. Unlike traditional problem-solving approaches, modeling begins with the context
and asks students to bring the mathematics they know to the problem. The idea of “pre-teaching”
the mathematical content would run counter to the one of the intended goals of modeling; they
propose that students learn new mathematics in the act of modeling. They also note that a
problem-solving sequence usually results in “short answers to narrowly specified questions” (p.
3), whereas a modeling sequence produces a model. Unlike a single-use solution (e.g., 8 cartons
or x = -24), a model is a sharable, flexible and reusable tool used to describe, explain and predict
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a mathematical system or situation. Typically, more than one valid model emerges from the same
task.
While some consider modeling to be “pervasive” within the field of mathematics (Greer,
1993), it has not always played a prominent role in K-12 mathematics. Until recently it would
have been unusual to see explicit attention to mathematical modeling codified in state standards
or in most curricula. With the adoption of the Common Core State Standards for Mathematics
(CCSSM, 2010), there is new and heightened interest in the field. Within the standards are
separate process standards —The Standards for Mathematical Practice —that delineate eight
important and highly interrelated descriptions of what students say or do as they learn
mathematics. Model with Mathematics is one of these practices, especially noteworthy because it
applies to all students in grades K-12. Additionally, these standards include a more explicit
description of the role of modeling in high school mathematics. In addition to the traditional
courses of study (e.g., algebra, geometry) modeling is now considered its own content strand.
Because of modeling’s elevated status within mathematics education, a consensus about what it
means for students to model is more urgent than ever, particularly if an explicit goal for students
to solve problems in conceptual and connected ways.
Modeling and Application
Before modeling began to gain prominence within mathematics education, the idea of
using mathematics to solve real world problems was often referred to as “applied” mathematics.
In the same vein, a real-world situation that could be understood or simplified using mathematics
was often called an “application” of mathematics. It is often the case that “any kind of
conceptual link” between the real word and mathematics is considered a form of application
(Blum, 2002).
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During the last decade the term “applications and modeling” has been broadly used to
denote all kinds of relationships between the real world and mathematics. But this merging of
terms can be misleading. More specifically, modeling tends to focus on the direction from reality
to mathematics and emphasizes the processes involved. Application, by contrast, tends to be
interested in situating mathematics in some sort of established reality, emphasizing the objects
involved — “those parts of the real world which are accessible to a mathematical treatment and
for which there exists corresponding mathematical models” (Blum, 2002, p. 154). Application
tasks in mathematics classrooms sometimes treat the context as incidental or exchangeable and
not, as in the case of modeling, essential to students’ ability to reason mathematically.
Modeling and Realistic Mathematics Education (RME)
Gravemeijer and Doorman (1999) recall that it was common for context problems to be
appear only at the end of learning sequence, as “a kind of add on” (p. 111). But because they are
seen as both motivational to students and useful as formative assessment, they now play a more
prominent role. In a prominent Dutch approach to mathematics education, known as realistic
mathematics education (RME), context problems have always played a central role, from the
beginning of the learning sequence and throughout. Here context problems are defined as those
that are “experientially real to the student” (p. 111). An investigation in which a Ferris wheel at a
local amusement park breaks loose and rolls towards the nearest town is highly unlikely, but
perfectly accessible to a group of middle school students studying the properties of circles and
the mathematics of rotations. Within the RME framework, context problems support a
reinvention process that allows students to come to terms with formal mathematics and avoids
the generally perceived chasm between informal reasoning and formal mathematics for students.
As Gravemeijer and Doorman (1999) explain,
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If the students experience the process of reinventing mathematics as expanding
common sense, then they will experience no dichotomy between everyday life
experience and mathematics. Both will be part of the same reality. (p. 127)
That is, context problems, when crafted carefully, create opportunities for formal mathematics to
emerge naturally.
A major distinguishing feature of RME is the idea that mathematics is not a ready-made
system but primarily an activity. As such, the term “mathematize” describes the act of
“organizing from a mathematical perspective” (Gravemeijer & Doorman, 1999, p. 116). Wellchosen context problems—such as the unmanageable Ferris wheel—allow students to
mathematize, which is to develop informal solution procedures that will serve as the basis for
more formal and complex mathematical understandings. Mathematizing is a form of structuring,
and the act of structuring is done exclusively by students so that they can construct important
mathematical ideas over time.
Both modeling and RME perspectives position context problems at the heart of students’
experience. But beyond their shared reliance on context problems, modeling and RME
approaches tend to part ways. RME assumes that students are part of a guided reinvention
process, in which their own mathematical growth mirrors, and begins to approximate, the way
formal mathematics developed throughout history. There are multiple hypothetical learning
trajectories that students may take, but the overall direction and sequence of the mathematics is
somewhat pre-determined and might loosely resemble the order in which mathematics became
formalized. A modeling perspective does not specify how mathematics will develop, nor suggest
the kind of mathematics that may result as students engage in a modeling process. Additionally,
the kinds of contexts that are used tend to differ; in an RME approach contexts are carefully
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crafted to engender students to investigate or explore some large mathematical goal; whereas
problems that call for modeling “are not neat and tidy, sanitized of all extraneous information, or
constructed so all the requires information is clear and readily available” (Grootenboer, 2010, p.
292). Their resemblance to messy, real-world contexts is considered an asset by those who
support a modeling perspective.
Research on Modeling
Whether they are called modeling tasks or application problems, the evidence is clear:
students rarely have sufficient opportunities to wrestle with mathematical situations that
resemble the messiness of real life. Moreover, there is substantial research to bolster the claim
that solving word problems in school rarely mirrors the idea of mathematical modeling as it is
intended (Freudenthal, 1991; Greer, 1993, 1997; Reusser, 1988; Schoenfeld, 1989). Blum (2002)
suggests that while there are more and more references to “real world phenomena and problems”
within the past few decades, students’ opportunities to solve rich problems—“genuine modeling
activities” (p. 150)—remain rare. Many math problems are sanitized and predictable versions of
their real-world counterparts, leaving students with a false sense that they are in fact solving
realistic problems of the world outside of their math classroom.
A set of studies described earlier (Greer, 1993; Reusser & Stebler, 1997), based on
Verschaffel et al’s (1999) original study of fifth graders, analyzed the phenomena of posing two
sets of related problems to students. Recall that all three studies confirmed a troubling trend: that,
when solving problems, most students “demonstrated only a minor tendency to include realworld knowledge” (Reusser & Stebler, 1997, p. 313). Across the studies, students whose
mathematical knowledge was sound still provided solutions that made little sense, failing to
attend to critical aspects of the problem contexts. In a follow-up study of 7th graders across 41
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different classrooms, Reusser and Stebler (1997) gave the identical set of paired problems. They
hypothesized that older students would perform better, given their additional experiences with
mathematical modeling and problem solving. Yet, even when many students reported that tasks
felt “too simple,” they did not perform significantly better than their younger peers, particularly
when they were required to solve problems which required considerations of context. These less
straight-forward tasks, which more closely resembled mathematical modeling activities, still
posed a challenge.
Mousoulides, Christou, and Sriraman (2008) took a different research angle, analyzing
the processes that students used when modeling and noting the ways that their abilities changed
over time. Their intention was to offer a theoretical model for “understanding students’ modeling
behavior” (p. 294). Both 6th and 8th graders participated in the study, randomly assigned to either
a control or experimental group. The latter group was given an instructional interaction
consisting of six modeling activities over a three-month period, while the former continued to
work on textbook problems that did not include modeling. The six tasks were based on the work
of Kelly and Lesh (2000) who described six principles of modeling tasks. Partially as a result of
their analysis, the authors generated an instrument for measuring students’ modeling abilities.
Using latent growth modeling, the researchers found that the experimental group
outperformed their control group counterparts. Additionally, there was a significant negative
relationship between students’ initial ability (as shown in the modeling abilities test) and their
rate of change, meaning that the interaction was effective for all students, particularly those who
were not modelers. This finding bolsters Lesh and Zawojewski’s (2007) earlier claim that
modeling can be particularly effective for students who do not possess a record of success in
school mathematics.
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This study proposes that students’ modeling behavior can be conceived of as operating in
three interactive domains: modeling abilities, modeling processes, and influencing factors. Not
surprisingly, students’ models and solutions improved as they gained experiences with modeling
activities. Students tended to benefit from activities that landed in a veritable sweet spot of rigor
—“complex enough to challenge the students but not so complex as to discourage them”
(Mousoulides et al., 2008, p. 302). Overall, 8th graders demonstrated greater sophistication with
almost all aspects of the modeling process, often employing more formal, abstract and precise
mathematics than their 6th grade counterparts. Finally, the study allowed students access to a
range of tools, including geometry software and spreadsheets. This open and unspecified use of
tools proved helpful to students. Mousoulides et al (2008) conclude that the relationship between
modeling abilities, modeling processes and other factors is both continuous and reciprocal,
calling for further research that advances theoretical understandings of modeling.
Zbiek and Conner’s (2006) research occurred before modeling became an explicit
curricular goal of K-12 mathematics education. Still, they raise important and critical questions,
including, “What is the point of engaging students in mathematical modeling activities?” (p. 89).
They note the appeal of modeling activities for students, but question the overall purpose:
The primary goal of including mathematical modeling activities in students’
mathematics experiences within our schools typically is to provide an alternative
— and supposedly engaging — setting in which students learn mathematics
without the primary goal of becoming proficient modelers. We refer to the
mathematics to be learned in these classrooms as ‘curricular mathematics’ to
emphasize that this mathematics is the mathematics valued in these schools and
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does not include mathematical modeling as an explicit area of study. (Zbiek &
Conner, 2006, p. 89)
Despite their interest in students, their study is situated within a prospective teacher education
course, in which participants were immersed in modeling activities. Modeling can increase
motivation, they showed, in three ways: an initial intrigue with a believable context; an
acknowledgement that mathematics may be a helpful way to unravel the complexity of some
real-world phenomena; and a desire to learn some new mathematics connected to a need to
understand (Zbiek & Conner, 2006). They also demonstrated that modeling can provide
opportunities to learn new mathematics, though they caution that sometimes this new knowledge
is unrelated to the modeling task or to the instructional goals of the teacher or course. Their
conclusion contains a cautionary note for math educators: “We suspect that many modeling tasks
in our schooling context are fundamentally applied problems in disguise and are presented to use
existing mathematical knowledge rather than to evoke new mathematical knowledge” (p. 100).
As such, these experiences rarely engender new mathematical learning for students, which these
authors (and others) see as an explicit and important purpose for modeling.
Other studies include English’s (2006) three-year, longitudinal teaching experiment that
followed a class of students from an Australian elementary school as they engaged in a series of
modeling activities. One central project was the creation of a consumer guide to determine the
best snack chips. The study challenges the belief that modeling investigations are best suited for
secondary students by showing the ways that younger students are able to grapple with complex
mathematical ideas. English (2006) also demonstrates the ways that modeling tasks provide more
opportunities for a wider array of students to learn: “In contrast to traditional problem solving,
modeling problems enable different trajectories of learning, with children’s mathematical
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understanding developing along multiple pathways” (p. 319). Finally, she provides evidence to
show how students communicate their mathematical ideas in a variety of forms (e.g., verbal,
written). This communication, she argues, is a vital part of mathematical learning, serving not
only as a tangible trail of a group’s thinking process, but is also part of the whole-class process
of justifying and scrutinizing models that emerge from peers.
Taken together, the research described here makes the case that modeling, while seen as
valuable in fields outside of the mathematics classrooms, could be just as useful within the
classroom. At present, however, modeling remains a new and still under-utilized framework for
the teaching and learning of mathematical ideas. By offering students the opportunity to model—
not simply to complete stereotypical word problems as they have commonly done—modeling is
poised to address the very issues that make traditional problem solving challenging for students.
In this way, modeling can be considered an alternative, albeit challenging, approach to the
pervasive issue of problem solving.
Mathematical Identity — A Conceptual Frame
Identity within mathematics education
For decades research in mathematics education drew upon the constructs such as
participation, agency, voice and engagement to understand how students came to learn and be
enculturated in the discipline of mathematics. Analytic frames were initially cognitive, but over
time they were challenged and replaced by social and socio-cultural theories, and more recently
by socio-political theories. In their own ways, each of these theoretical lenses were used to
understand the nuances of learning and participation within the school math class. Starting in the
1990’s there was a “veritable explosion” around the concept of identity (Hall & Du Gay, 1996)
in the social sciences in general, with the effects seen within mathematics education as well. This

37

MODELING WHERE IT MATTERS
noticeable shift towards identity as a construct challenged the prevailing belief that learning and
identity were discrete notions. Instead, learning was now understood not solely as the
accumulation of knowledge, but as the development of identity—that is, learning was a process
of deciding who we are and who we want to be (Wenger, 1998). In the sections that follow, I
synthesize the key contributions to the notion of identity within mathematics education. What is
meant by identity, and mathematical identity more specifically, can be contested or loosely
defined. Therefore, I synthesize the growing body of literature on identity in an effort to situate
the findings of this study within this paradigm.
How the identity perspective developed
Depending on the perspective one takes, the concept of identity can have significantly
different meanings. For example, Erikson (1968) offered ideas of identity rooted largely in a
psychological tradition, where individuals were largely treated separate from their social or
cultural surroundings. Boaler (2002) situated identity in the socio-cultural realm, noting that
identity, like learning, is constructed socially. Still others, like Walshaw (2004) located identity
within a larger post-structuralist frame. In this study, I assume a largely socio-cultural
perspective of identity. Putman and Borko (2000) share this view, that “how a person learns a
particular set of knowledge and skills, and the situation in which a person learns, become a
fundamental part of what is learned” (p. 4). A focus on identity does not diminish a focus on
learning. Rather, they co-exist. In this way, learning mathematics must also be seen as the
development of mathematical identities.
An indisputable influence on research in education, including math education, came from
anthropologist Jean Lave. Together with her colleague Etienne Wenger they considered how
learning might benefit from an identity (and not cognitive) frame: “We have argued that, from
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the perspective developed here, learning and a sense of identity are inseparable: They are the
same phenomenon” (Lave & Wenger, 1991, p. 115). Codified in their notion of “communities of
practice,” it is generally understood that Lave and Wenger first introduced identity as a
conceptual frame to mathematics education. They describe learning as involving “the whole
person,” not simply in relation to a set of activities, but also as a member of a social community.
Learning, according to Lave and Wenger, “implies becoming a full participant, a member, a kind
of person” and “involves the construction of identities.” They posited that much like the
construction of other ideas (related to learning), identities are constructed as well.
Later work from Wenger (1998), particularly within communities of practice, expanded
on these concepts. He maintained that learning occurs through “social participation,” including
not only thoughts and actions but also membership in social communities. In this sense, learning
“changes who we are by changing our ability to participate, to belong, to negotiate meaning”
(Wenger, 1998, p. 226). Identity, for Wenger, was malleable and dynamic, an ongoing
construction of who we are based on our interactions with others. For the researcher, this meant
that the analytic gaze is fixed neither on the individual nor the community exclusively, as “it is
difficult to tell exactly where the sphere of the individual ends and the sphere of the collective
begins” (p. 146). Identity, under this view, is situated in social interactions and can be studied in
these contexts.
Much of the subsequent research on identity and identify development that proved
influential within mathematics education drew upon the earlier work of sociologists and
anthropologists. From this body of work, we were offered the figured world (Holland et al.,
1998), a space where participants came together to construct some shared meaning or engage in
some shared activity. By definition, a mathematics classroom can be considered a figured world:
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a socially and culturally constructed space “in which particular characters and actors are
recognized, significance is assigned to certain acts, and particularly outcomes are valued over
overs” (p. 52). The importance of these ideas, especially for researchers, lives in the notion that
classrooms can be seen as sites of study where actors (e.g., teachers, students) take on certain
roles that help them to define and construct who they are.
Related to this idea is Holland and colleagues’ (1998) notion of positional identity: the
way in which people understand and negotiate their positions in their lived worlds. They
maintain that identities develop through social practice, and insist that larger structural forces in
society (e.g., race, class, gender, language) must also be considered. They explain that positional
identifies “have to do with the day-to-day and on-the-ground relations of power, deference, and
entitlement, social affiliation and distance” (p. 127 - 128). Another facet of identity that is critical
is “space of authoring,” best captured by the idea that “the world must be answered—authorship
is not a choice” (1998). In the context of a mathematics classroom this idea suggests that
students might conceive of themselves not merely as recipients or receivers of knowledge, but
rather with authentic agency, as producers of knowledge.
Boaler and Greeno (2000) made use of these concepts when they theorized the identities
of high school mathematics students. Their study considered students’ roles as learners in two
different figured worlds: one with didactic teaching—characterized by memorization and
repetitive practice of procedures—and one with discussion-based teaching—characterized by
collective problem solving and collective meaning-making through discussion. Drawing upon an
earlier body of work (Belensky, Clinchy, Goldberger, & Tarule, 1986), they noted distinctions in
the ways in which students came to know within these two figured worlds: received knowing,
subjective knowing, separate knowing and connected knowing. Noting patterns in their data that
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distinguished between received and connected knowing, Boaler and Greeno concluded that
“students do not just learn mathematics in school classrooms, they learn to be, and many students
develop identities that give negative value to the passive reception of abstract knowledge” (p.
168). Taken broadly, their study provides evidence of the way that roles that students are asked
to play within differently-oriented math classrooms can bolster, challenge, nuance or even be
incompatible with their developing identities. This finding, as well as others, will prove to be
significant in guiding the design and analysis of this study.
Identities encompass a range of dimensions, as Grootenboer and Zevenbergen (2006)
note. They envision identity as “how individuals know and name themselves…and how an
individual is recognized and looked upon by others” (p. 612). Used as a unifying and connective
concept, identity brings together life histories, as well as both cognitive and affective qualities.
They confirmed the belief that mathematical identities typically evolve within classroom
communities. Here community is not confined by the “classroom walls” in a literal way, but
contains influences such as curriculum, testing, popular culture, and narratives about math
learning and teaching. They refer to community as “the facilitating context for the development”
of mathematical identities, and also note that as such, community is temporal, whereas
mathematical identities will remain and evolve past each school year.
Anderson’s (2007) study of high school math students draws upon both Gee (2001) and
Wenger’s (1998) conceptions to demonstrate “how students’ practices within a mathematics
classroom community shape, and are shaped by, students’ sense of themselves, their identities”
(p. 7). By studying students enrolled in a variety of mathematics classes, he wanted to understand
how students saw themselves in relation to their experiences in the mathematics classroom. He
found that the most significant potential to develop a students’ identities exist within the
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classroom; that teachers have particular influence in how these identities are shaped. While he
noted that “all students can become mathematics learners, identifying themselves and being
recognized by others as capable of doing mathematics” (p. 13), he cautioned that we should not
expect this to be the case, as many students experience that would not promote a positive view of
learning mathematics.
Mathematical identities as dynamic, negotiated and intersectional
If we take as given the previous conceptions of identity—socially constructed,
negotiated, complex and dynamic—then we must consider how mathematical identities are
shaped within a larger system where, for example, systemic racism, persistent sexism and
heteronormativity operate. This is an important consideration for any study on identity, but
especially one in which the participants all identify as adolescent girls of color, within the
context of an all-girls public school. A persistent myth within math education is that since
“numbers are universal,” math classrooms are objective and free of bias. Research shows clearly
that any space where learning occurs is neither free of bias nor resistant to oppressive systems
such as racism, sexism, classism or xenophobia (Joseph, Hailu, & Matthews, 2019). Said
differently, if we acknowledge structural or systemic inequalities in the world, or in education in
general, we must admit that no math classroom can be immune from such forces (Rubel, 2017).
Nasir and Saxe (2003) develop the ideas mentioned earlier—that it is through some form
of cultural practice that identities are “shaped, constructed and negotiated” (Holland, Lachoitte,
Skinner, & Cain, 1998; Lave & Wenger, 1991, Martin, 2000, Wenger, 1999)— to highlight the
potential tension between the development of ethnic identities and academic identities in the
locus of practice. In their study the site of cultural practice is a game of dominoes, and their
analysis draws upon interactions between players (also medical school students) and an
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administrator. They theorize several possible ways of framing these interactions, illustrating how
those from communities of color tend to experience ongoing tension between their ethnic and
academic identities, both in and out of school, and that unlike their white peers they are in
constant negotiation of these identities.
Martin (2000) suggested the need for theoretic and methodical tools to investigate the
intersectional lives of African American children in mathematical contexts. He coined the idea of
mathematics identity to mean:
The participants’ beliefs about a) their ability to perform in mathematical contexts, b) the
instructional importance of mathematical contexts, c) constraints and opportunities in
mathematical contexts, and d) the resulting motivations and strategies used to obtain
mathematical knowledge. (p. 19)
Coupled with this idea was the notion of mathematics socialization: that individuals’ identities
were constructed in relation to others. Martin considered what it meant for his participants to be
African American in the context of mathematics learning, and noted that mathematics identity is
“intimately linked to several other identities that constitute their larger senses-of-self” (p. 20).
Situated in the reality of “problematic outcomes” for African American students within math
education, Martin asserted that mathematics identity, coupled with mathematics socialization,
offered the best possible means to understand and disrupt these systemic patterns.
In response to persistent deficit models of students and the teachers’ inattention to
students’ racialized identities, Aguirre, Mayfield-Ingram and Martin (2013) provided an equitybased approach that “includes attending to the multiple identities—racial, ethnic, cultural,
linguistic, gender, mathematical, and so on—that students develop and draw on as they learn and
do mathematics” (p. 9). Their notion of mathematics identity was consistent with Martin’s
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(2000) earlier definition: “the dispositions and deeply held beliefs that students develop about
their ability to participate and perform effectively in mathematical contexts and to use
mathematics in powerful ways across the contexts of their lives” (p. 14). They described the
ways that within these intersecting and dynamic identities, noting that several can be salient to
the school experience at once. Additionally, although they gave primacy to mathematics
identities, they “emphasize the importance of recognizing the range of identities that beyond
mathematics that students spend their time and energy developing” (p. 19). They cautioned those
working to dismantle deficit models of students to appreciate the complexity and the intersection
of identity as a construct.
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Purpose of the Study
The gatekeeping effects of algebra, specifically, and the issues of problem solving and
sense-making, more generally, have real implications and consequences for students, particularly
those who are most dependent on their education to provide access to college and career. As I
have shown, this is particularly the case for those students who find themselves within lower
tracked algebra courses, often students of color and/or from low-income communities. Given
these considerations, this study was purposely situated in an urban all-girls public high school
where the students had already felt the gatekeeping effects of algebra. Labeled as “repeaters1,”
the girls were required to redo an entire academic experience—a year-long algebra course and
state exam—either because they did not pass the class, or because they did not pass the exam
with a “college-ready” score. In fact, several in the study had repeated the algebra course
multiple times. At the time of the study, they were programmed to take two math courses—a
“double dose”—to help boost their chances of passing the course and the exam.
This study rests on my belief that modeling has a unique role to play with the “algebra
problem” described thus far. It has the unique potential to support students along two related
dimensions—the learning of mathematics and the development of mathematical identities. To
students such as the ones in this study, it offers the very things that they have been denied: seeing
mathematics as relevant, contexts that are genuine and to be trusted, a variety of entry points, the
chance to work collaboratively with their peers, and a set of creative decisions to make.
Therefore, the purpose of this research, a design study, was to understand how a sequence of

The term “repeaters” will be used as infrequently as necessary, since it represents a reductive, deficit-oriented label
that defines students against their performance within a high school algebra class alone. No girl in the study used the
term to refer to herself, though all had heard it used to describe themselves and other students. Teachers, school
leaders, and city administrators frequently used the term to refer to a diverse group of students who were
programmed to repeat the Algebra course and/or Algebra exam more than once. Because of New York City’s
Algebra for All initiative, this group of students was a concern for many in the city at the time of the study.

1
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modeling investigations could support high school students to solve and make sense of problems
in contexts broadly about function—a key feature of any study of algebra—with a specific focus
on rate, ratio and proportionality. This study aims to examine the following two questions:
1.

How does modeling develop functional reasoning, especially related to
proportionality?

2.

In what ways does modeling support the development of mathematical identities
for adolescent girls of color?

As a design study, the students, and specifically the development of their mathematical ideas and
identities, were the primary focus of the inquiry. The findings, however, have implications for
students, teachers and researchers alike, particularly as we continue to wrestle with pervasive
inequitable experiences and outcomes for marginalized students, and the ubiquitous presence of
testing and measurement within mathematics education.
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Chapter 3: Theoretical Framework
Having described the problem through an examination of related literature, I now turn to
a more detailed description of the study itself. This chapter outlines the theoretical basis, design,
and method of analysis of the study—a teaching experiment involving modeling. My purpose is
to examine the role modeling plays in the development of conceptual understanding and
mathematical identities of high school students. As a result, the study builds on three bodies of
literature within math education — algebraic functions, modeling, mathematical identities — and
their intersection, as was discussed in the previous chapter.
This chapter consists of three major sections and begins by exploring the theoretical
bases of the study. In this first section I propose a theoretical frame, describe its relationship to
the research design, and make the case for compatibility of the theoretical and conceptual frames.
Secondly, I provide a detailed description of the design of the study, based on a methodology
identified as design research (Brown, 1992; Cobb et al., 2003; Confrey, 2002; Edelson, 2002).
Finally, the details of the conduct of the study—participants, setting, data collection and
analysis—will be described.
The assumptions, beliefs, and lived experiences of any researcher not only shape how a
study comes into being, but also affect its design and methodology. So, I begin by revealing my
own assumptions, values and beliefs in the following areas: epistemology; teaching and learning,
and the nature of research, particularly as they relate to the study.
On Theory in Educational Research
Theory can, and should, play a central role in educational research, though many have
noted that too often theory plays a limited or peripheral role (diSessa & Cobb, 2004). At a
minimum, the acknowledgement of a theoretical lens, by the researcher, allows the reader to
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identify the particular set of beliefs that inform the claims and analysis. Failure to acknowledge a
theoretical lens does not reflect “objective neutrality”—an impossibility—but simply a
concealment of one’s core beliefs and ideas. Critical scholar Jean Anyon and colleagues (2009)
explain that, “Every datum embodies and encodes—and is therefore understood through —
theory laden explanations. One does not go into the field to ‘see’—one goes to ‘look’ for various
patterns and themes. Theory—acknowledged or not—dictates what kind of patterns one finds”
(p. 4). Similar to the way it is used in the sciences, theory in educational settings allows one to
develop generalizations, discern what is important in the data, put forth “cases of,” and even
generate new theories (diSessa and Cobb, 2004, p. 79). But even more powerful than its
analytical power and role in teaching us “how to see,” theory within educational studies has the
potential to advance the discipline, or as diSessa and Cobb (2004) state: “theories and theoretical
development have always proved central to progress” (p. 79).
For all of these reasons, choosing the right theory is no easy task—a dance between the
research questions, the data, and the researcher’s own positioning within the study. Historically,
those conducting design studies, like the study reported here, have drawn upon theories that are
constructivist in nature. I will follow in this tradition by clarifying what is meant by both
constructivism and social constructivism, and by making the case for the latter as theoretical lens
for this study.
What is Constructivism?
The theory of constructivism is based originally on the work of several notable
psychologists and theorists. Constructivism represents a heterogeneity of ideas across several
disciplines (Vianna & Stenstenko, 2006, p. 81). Some view the theory of constructivism as
operating on two primary levels—a thesis about how human knowledge has developed over the
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course of human history, and a set of views about how individuals learn (Phillips, 2000). In other
words, broadly speaking, constructivism accounts historically for the shared knowledge of
human beings. In addition, constructivism is a way of thinking about how individuals come to
learn shared, historical knowledge as well as new knowledge. As noted, constructivism is a large
theoretical body of work that is made up of many related theories of learning and development.
Constructivism and the aligned sub theories have had wide-reaching effects, particularly within
education and educational research.
Historically, constructivism stood in direct opposition to two popular theories at the time:
behaviorism—which posited that learning was related to behavioral responses to physical
stimuli—and maturation—which described knowledge acquisition in biologically predetermined
developmental stages. Constructivism challenged both of these central ideas, and instead
proposed that cognitive development was the result of a learner’s purposeful organization (and
re-organization) of ideas. What was especially important was that learning was considered to be
active—characterized as an interplay between the learner and her environment—not passive—
simply moving through a set of predetermined stages over time.
As constructivism grew in popularity, many sub theories developed. Because of the
diverse and complex nature of these reconceptualized sub theories, radical constructivism, social
constructivism, distributed cognition, situated learning, to name a few, it remains difficult to
untangle the relationship among and between the sub theories. There are, however, a few tenets
of constructivism about which most theorists agree. First, constructivism denies the idea that the
human mind is “pre-stocked with empirical knowledge” (Phillips, 1995, p. 5). It is believed that
humans do not simply acquire or take up knowledge that is ready-made and acquired through use
of the five senses. Instead, constructivists hold that knowledge grows out of humans’ inquiries
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about, and actions upon, their environment, and as a result they believe that “all knowledge is
necessarily a product of our own cognitive acts” (Confrey, 1990, p. 108).
These ideas are best explored by returning to one of constructivism’s foundational
figures, psychologist Jean Piaget. Unlike positivists who believe that there is a single, objective
reality that can be attained by all learners, Piaget suggested that humans do not have direct
access to a singular reality because our understandings are the result of our experiences and our
experiences are shaped by particular and unique cognitive events. For example, a child and an
adult witness the same event but come away from the experience with entirely different views of
what happened and why. It would be too simple to characterize the adult’s ideas as correct or
sophisticated and the child’s as incorrect or naïve. Instead both the adult and the child are likely
holding views that make sense of the experience within the framework of their existing
knowledge. In the context of education, a constructivist-minded teacher might recognize that the
ways she and her students make meaning are based on their existing (and different) knowledge
and that she needs to begin instruction in ways that build on students’ existing understandings.
Knowledge and ideas evolve in the classroom, and teachers want children to develop
more and more sophisticated ideas over time. According to constructivists, adults simply cannot
displace children’s ideas with our own preferred views, since humans (children and adults alike)
rarely willingly abandon ideas that make sense to them. Instead, suggests Confrey (1990),
children will change their own beliefs only when they are “no longer effective” or when “another
alternative is preferable” (p. 109). This process of revising and refashioning one’s ideas—a key
feature of learning—plays centrally in constructivist views.
In order for a learner to develop new ideas, they must have an organizing structure in
place. For instance, Piaget (1980) theorized that when a child acted upon an object repeatedly
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and with some reflections on the effects of these actions, she began to create mental structures
that could be generalized to other new objects. Imagine the child attempting to fit various shaped
blocks to fit within various shaped openings on a toy—and the eventual realization that
correspondence of shape mattered. The organizing structure and the role of organization lives
between “two intrinsic polar behaviors, assimilation and accommodation” (Fosnot & Perry,
2005, p. 16), two central ideas to constructivists that require elaboration.
Assimilation, as defined by Piaget, describes an individual’s tendency to organize one’s
experiences in such a way as to maintain consistency of ideas in the larger system. To assimilate
is to act upon, not to passively take in, through mental and/or physical activity. For the child
fitting blocks into openings, to assimilate is to try fitting square blocks into square openings as
long as they continue to fit. Not surprisingly, acting on the world will eventually lead one to
encounter new experiences or ideas that contradict or question one’s current understanding.
Imagine, again, the child who attempts to push a round object through a too-small square
opening. Or the student who learns that there are numbers less than zero, and now wonders
whether he can subtract a large number from a smaller number.
When this cognitive mismatch occurs—disrupting the stability and organization of our
existing ideas—it results in disequilibrium. But disequilibrium is not a permanent state and can
lead to what Piaget termed accommodation. The opposite and corresponding act to assimilation,
accommodation is made up of two related actions. The first is reflective—the learner has to
consider and make sense of this mismatch. The second is integrative—after some thinking the
learner finds a way to include this new knowledge into his existing understanding. That is, he
integrates this new knowledge within his existing knowledge in a sensible way. Together, these
acts are often referred to as reflective abstractions—that serve to expand one’s understanding
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and restore cognitive equilibrium once again. It would be tempting to think of learning as
alternating states of equilibrium and disequilibrium. But this would be a mistake, caution Fosnot
and Perry (2005). The process of assimilation, then conflict, then accommodation is neither
linear, nor sequential. Instead learning, to most constructivists, is non-linear, characterized by
episodic periods of adaptation and organization.
Constructivists believe that the processes just described take place within structures
(Piaget, 1970). These are mental systems held together by unifying ideas, true for both the
individual elements and the entirety of the system. In the field of mathematics, the number
system is one such example, because it neatly illustrates the features of all structures—
wholeness, transformation and self-regulation (Fosnot & Perry, 2005). Wholeness simply means
that the structure consists of more than a sum of its parts, and that the parts interact, are related,
and do not hold meaning outside of the structure. The number three, for example, means almost
nothing apart from the rest of the number system. It is related to the numbers near it and can even
take on a unique quality known as “three-ness,” an idea that only makes sense to those who
understand that three exists in the context of a larger number system. Transformation describes
how one part of the system might be related to, and could be transformed into, another. That the
idea of three can be seen as a sum, difference, product or quotient is one way to envision this
feature. Finally, if a structure is self-regulating it requires some organization (and reorganization). When children first make sense of number as space (and not as a quantity or a set
of objects) they will have to do some organizing to envision three in relation to other numbers
they know. Or when children first learn about fractions—values between whole numbers that
they know—this requires them to reorganize their structure to accommodate these new ideas.
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Like the number system, it is wise to think of all structures as always expanding, and therefore
“under construction” (Fosnot & Perry, 2005, p. 22).
Structures operate at two levels. An individual constructs mental structures (a noun), like
the number system, but also organizes or structures (a verb) their understanding. Piaget remained
primarily concerned with how individuals organized their ideas over time, what he would call
progressive cognitive structuring. A common misread of Piaget’s work is to assume that in
structuring, the individual acts alone. But Lerman (1996) describes how structuring must occur
within a social context:
For Piaget, the individual is a self-regulating autonomous organism, making sense and
meaning from sensorimotor, social and textual experiences. Through social interaction
individuals attempt to reach a fit of their images and theories. The social setting provides
the possibility for negotiation of meaning through which the fit may be achieved. (p. 147)
In this way the individual relies on their interactions with others to know if their ideas are
reliable, consistent and true. As Steffe and Tzur (1994) elaborate, Piaget did not envision the
child as “a solo player, a lonely voyager, or a meaning maker in a vacuum” (p. 10), but instead
saw children as the product of their interactions with their environments (physical, social and
cultural).
In addition to Piaget, constructivists also claim Lev Vygotksy as a foundational influence.
Much of his work concerned the way in which children constructed language as a result of social
and natural processes. His understanding of the relationship between learning and development
is offered in the genetic law of cultural development, which states that every idea that an
individual comes to know appears twice—“first between people as an interpsychological
category and then inside the child as an intrapsychological category” (Vygotsky, 1978, p. 128).
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Learning begins socially and externally and gets taken in through a process called
internalization—a contrasting analogue to Piaget’s notion of equilibrium—the central process
involved in learning.
What distinguishes Vygotsky’s perspective is the interaction between differentiated
individuals: mother and child, teacher and learner or knower and non-knower. He named this
difference—between what a child can do on her own and that which she can do in collaboration
with a more knowledgeable other—the zone of proximal development (ZPD) (Litowitz, 1993).
Like Piaget, Vygotsky did not imagine that one could simply displace a child’s ideas with one’s
own. Instead, when two individuals (a knower and a non-knower) worked together on a task or
problem, the non-knower is supported in the task in such a way as to ultimately take over the
entire process on their own. This support—which can include guiding with questions, offering
redirection, helping to organize the ideas—is referred to as scaffolding. What was performed
externally by two people can be internalized within an individual. Over time, the knower and the
non-knower who begin as unequal (with respect to the task at hand) end up as equal. Knowledge
is not transferred directly but is co-created and shared. So, ZPD serves as a metaphor to reify
Vygotsky’s larger belief in the centrality of sociocultural conditions to understand thinking and
learning. He viewed thinking not simply as a characteristic of the child alone, but as the child-insocial-activity with others (Moll, Tapia, & Whitmore, 1993).
Whereas Piaget tried to illuminate the place of contradiction, dissonance and equilibrium
within learning, Vygotsky maintained his interest in the role of dialogue. He argued that
children’s early “egocentric speech” was social in nature and would serve as the beginning of
inner speech, a tool for thinking. This was another form of internalization—external social
relations (e.g., talk with others) would transform into inner cognitive functions (e.g., inner
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thought). Vygotsky posited that group interaction operated as one source in the development of
mental operations, and suggested, “that children gradually internalize the talk that occurs in
groups” (Noddings, 1990, 17). Given this perspective, context plays a powerful role in
Vygotksy’s conception of learning. Individuals are always situated in a specific time and place,
with different sets of social relationships, occupying different “positioning” within those
relationships (Lerman, 1996, p. 147). Therefore, dialogue, a key feature of Vygotksy’s notion of
learning, was both highly unique and deeply dependent on sociocultural and socio-historical
conditions.
Both Piaget and Vygotsky provided cognitive theories that served as the basis for
constructivism. Both considered the individual a meaning-maker within a larger social world.
However, Piaget turned his gaze on the cognizing individual, attempting to explain the process
by which new ideas are acted upon, taken up and eventually organized. Vygotsky, by contrast,
focused on the interaction between individuals, particularly experts and novices, paying close
attention to the shared practices that allowed a novice learner to become more knowledgeable
(Lerman, 1996). Additionally, there is a notable difference with respect to the role of language in
thinking, or as Ernest (1994) asks, “Does language express thought, as Piagetians might view it,
or does it form thought, as Vygotsky claims?” (65). These non-trivial differences
notwithstanding, there remains a common and central belief — and a rejection of the positivist
paradigm— that humans have no way to access an objective or singular reality, but are creating
their own realities, thereby transforming them and themselves. To be clear, this study rejects any
claims of a single truth to be “discovered” and that knowledge is gained through transmission.
Rather, knowledge is never passively received, but rather actively constructed by the individual
through mediation of social norms and interactions. Too often, constructivism can be reduced to
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the idea of “individual as meaning maker within a social context.” Here, I take a more expansive
view of the theory to suggest that we create and originate knowledge. This second framing
suggests deep potential for agency, influence and power of learners.
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Social Constructivism
Having provided a synthesis of the central ideas of constructivism, I now explore the
distinctions between the original theory and one of its derivatives, social constructivism. On the
whole, constructivists and social constructivists are more philosophically aligned than different.
It is more useful to identify the critical distinctions, which are largely based on “whether the
social or the cognitive is viewed as figure or ground” (Simon & Schifter, 1993, p. 4). Say that
two researchers — one a constructivist and the other a social constructivist — are studying how a
small group of students are making sense of a new idea, such as integers. To the constructivist,
the focus of analysis is on the individual — How is this student making meaning? — and the
interactions between the individual and others could provide a useful backdrop. By contrast, the
social constructivist would attend to the interactions within the group — How is knowledge being
created and shared within this group? — with consideration of how individuals might be
internalizing this shared conversation. The interplay between and among learners is especially
important to social constructivists. Constructivists, on the whole, are willing to minimize, or
even disregard, the context in which learners make meaning because they are particularly
interested in a largely individualistic process. As a result, teaching experiments conducted by
constructivists might be situated in clinical settings, not classrooms, where social interactions
and other disruptions can be minimized. Social constructivists, however, consider the separation
of the individual from the social influence neither possible nor desirable. In fact, notes Palinscar
(1998), “The sociocultural context in which teaching and learning occur are considered critical to
learning itself, and learning is viewed as culturally and contextually specific” (p. 354). It is in
places like “messy,” interactive classrooms that social constructivists believe learning can be
best studied.
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Social constructivism, at its best, provides a frame to study rich interactions between
learners. This is precisely because a social constructivist account of learning places a great deal
of emphasis on how individuals come to negotiate meaning (Ernest, 1992). This idea grows out
of Piaget’s notion of a child who makes sense of the world through sensorimotor, social and
textual experiences. Through repeated interaction, individuals come to align their ideas with
others’. The social setting then, “provides the possibility for negotiation for meaning through
which the fit may be achieved” (Lerman, 1996, p. 147). To be clear, this “fit” doesn’t mean
holding the exact same ideas as others, but rather, vetting one’s ideas in a social realm, opening
up the possibility for cognitive dissonance or eventual equilibrium.
Social Constructivism and a Modeling Perspective — How Theory and Concept Align
What does this “negotiation for meaning” look like in a high school math class?
Mathematical modeling provides an example. While it may involve periods of individual
activity, modeling, as described earlier, occurs in social settings and relies on multiple cycles of
group interaction. Recall that when students model they are typically asked to defend their
choices to others, taking in critique from others, revising their ideas, and trying to achieve some
sort of consensus that their model is sound. This is in contrast to most mathematics classrooms,
where the teacher verifies the correctness or truth of students’ mathematical ideas. In the case of
modeling the teacher and students together make up a “community of validators” (Cobb, Wood,
& Yackel, 1993, p. 93). Given this feature of the modeling, only theories that could operate at
three levels — individual, social and interactional — would be of use to this study. The act of
modeling, like all learning, does not occur in a pedagogical vacuum. Instead, students can be
seen as key members of a classroom community, where models (as one form of structure) are
held up publicly for scrutiny, revision and acceptance. As such, the shared norms, constructs, and
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language play a strong role in the conceptual development of individual members (Lesh &
Doerr, 2003, p. 545).
This study is not primarily interested in modeling for modeling sake, but on the role it
might play in helping students to construct, solidify and/or shift their ideas about function. Two
central ideas — an operational or structural view of functions — can be considered as structures
because they help students to organize and reorganize existing ideas. If mathematical concepts,
as one form of structure, are not “out there” waiting to be discovered, nor part of some inner
logic that will somehow occur on their own, then they must be the result of social action and
negotiation. By this reasoning, mathematics itself can be thought of in two ways — it is what an
individual currently knows at a moment in time, and also a way of knowing within social or
cultural contexts (Ernest, 1992). Social constructivism honors this duality because it, too,
operates as a theory of knowledge (e.g., What do these students know?) and a theory of knowing
(e.g., How is it they come to know new ideas?).
Social constructivism maintains that an individual’s knowledge—mathematical or
otherwise—is dependent on the social and cultural contexts in which they participate. This is
also true in the development of mathematical models. According to Lesh and Doerr (2003)
models are, by design:
seldom worth bothering to create unless they are intended to be sharable and reusable…the model developer is not simply an isolated individual, but instead is a
team of specialists who have access to a variety of different conceptual
technologies. So, for all of these reasons, modeling is inherently a social
enterprise (p. 525).
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The iterative and non-linear nature of modeling cycles, as described earlier, requires students to
construct, make public and negotiate their ideas about what counts as valid. Social constructivists
might focus their gaze on the ways in which shared norms came to be among groups of students
working within a modeling investigation. Proponents of a models and modeling perspective
(Lesh & Doerr, 2003) would go further, arguing that what counts as valid among mathematical
modelers is based on several distinct factors, only one of which is the negotiation among, and
acceptance of, peers. They list four ways that models (and their related ways of thinking) come
to be adopted by others:
▪

Based on consistency (pure math criteria)

▪

Based on usefulness (applied math criteria)

▪

Based on peer review (social correctness criteria)

▪

Based on judgments by an authority (power criteria). (Lesh & Doerr, 2003, p. 525)
While they are not perfectly aligned, social constructivism and a models and modeling

perspective are highly complementary, particularly if one sees them as operating on different
ideological planes. Social constructivism attempts to make claims about the nature of learning
and knowing, while a models and modeling perspective draws upon these ideas to suggest a
theory of instructional design within mathematics education. That is, it describes, from the
pedagogue’s perspective, how to engender that kind of conceptual development in students.
Together the two frames (one conceptual and the other theoretical) inform this study—one
informs the choices I will make as a co-designer of experiences for students within a teaching
experiment, and the other will color how I “look for” and make sense of the results of these
experiences.
To be clear, not all math classrooms operate as mathematical communities where
students are encouraged to co-construct ideas with their peers and teacher. Further, few math
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classrooms operate in such a way that students and teacher together constitute a true community
of validators. But this study posits that when classrooms are taken seriously as mathematical
communities—and students as co-creators and inventors of new ideas—there is a greater
likelihood of personal engagement and conceptual learning. By focusing on modeling as a form
of collaborative, shared, and admittedly “messy” mathematical activity, the study reifies a central
belief among social constructivists, that what remains of utmost importance is “mathematical
activity in a mathematical community” (Davis, Maher, & Noddings, 1990, p. 3).
The conception of mathematics held by social constructivists also compliments the
models and modeling perspective. For example, consider Ernest’s (1994) critique that, “If
mathematics is understood to be a dynamic, living, cultural product, then this should be reflected
in the school curriculum. Thus, mathematics needs to be studied in living contexts which are
meaningful and relevant to the learners” (99). A curriculum of sequenced modeling
investigations is likely to offer a dynamic, personally relevant curriculum to most students of
high school algebra. Additionally, since social constructivists are concerned with the social
negotiation of meaning, classroom discussion within small groups or across the whole class will
undoubtedly play a central role in learning. This, too, resonates with the design of the study, in
which students will need to negotiate, defend, adjust and revise their models among their
classmates during a typical modeling cycle.
Design experiments intentionally possess both a pragmatic and theoretical orientation
(diSessa & Cobb, 2004). On the one hand they are poised to disrupt the typical interactions of
students and offer an alternative that will result in greater learning. As such, theories that guide
the design of this interaction are valuable, and in this study, a model and modeling perspective
provides exactly this contribution. But in addition, design studies are posed to generate domain-
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specific, “humble” theories as well. In this way, situating the analysis in an existing theoretical
frame such as social constructivism gives me the chance to make sense of rich and undoubtedly
complex interactions among students. The challenge, as Palinscar (1998) notes, lies not in
separating the individual from their social construct—an impossibility—but in “determining the
appropriate grain size” (p. 354) for analysis.
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Chapter 4: Methodology
Why a Design Study?
Design studies have been characterized, with varying emphasis, as iterative, process
focused, utility oriented, and theory driven (Cobb, Confrey, diSessa, Lehrer, & Schauble, 2003).
The iterative aspect of design research manifests as a series of design-analysis-redesign cycles
that the researcher traditionally undergoes. Design studies are considered process focused in that
they trace, for example, a student’s learning by understanding successive patterns in the
reasoning and thinking. They are utility oriented in their attempt to engineer and improve the
effectiveness of instruction. Finally, design research is undoubtedly theory driven:
hypothesizing, testing and ideally advancing theory about instructional design. Given these key
features, the power of design studies is clear: testing theories in the “crucible of practice”
(Shavelson, Phillips, Towne, & Feuer, 2003); treating teachers as colleagues and co-constructors
of knowledge; tackling everyday dilemmas and challenges of the classroom, school, and
community; recognizing the constraints and nuances of theory as it applies to actual participants;
and simultaneously scrutinizing and sharpening theory within an educational context.
Given my research questions, and my desire to study student learning and identity
development up close and in depth, a design study, or design experiment, provided the best
opportunity to investigate questions about student learning and identity development while
offering the possibility to generate some emergent theories as well. Both modeling and design
research are intentionally iterative—both the students’ learning, as well as my own analysis of
this development, unfolded in a series of predictable cycles. Additionally, and on a more
personal level, a design study allowed me to avoid reifying popular, fatalistic, and simplistic
discourses about the “brokenness” of urban schools or students (Ravitch, 2013). Instead, as
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Shulman (1983) noted, I crafted the study to “evoke images of the possible” with respect to
teaching and learning, “not only documenting that it can be done, but also laying out at least one
detailed example of how it was organized, developed, and pursued” (p. 495). Generating “images
of the possible” was particularly salient here, given the participants of the study: adolescent girls
of color who had been identified, labeled and effectively “sorted” against a backdrop of highstakes testing and measurement.
Within math education generally, design research (more specifically, design experiments
or teaching experiments) provide opportunities for researchers to experience students’
mathematical learning and reasoning firsthand (Steffe &Thompson, 2000). At their best, teaching
experiments are poised to “develop theories, not merely to empirically tune ‘what works’” (Cobb
et al., 2003, p. 9). These theories are typically not “grand” in nature but do contribute to domainspecific ideas about learning, knowing and understanding. This positioned me, as a researcher, to
contribute to math education’s understanding of modeling, of student learning of proportionality
and functions, and of teaching and learning environments where high school students might
develop strong mathematical identities.
In addition to the possibility of contributing to theory, design studies are also meant to
offer new, innovative and “highly interventionist” (Cobb et al., 2003, p. 10) approaches to
teaching and learning, all grounded in existing research. In my role as researcher I engineered
and analyzed new ways of learning and participation—grounded in a literature base of functions,
algebra and modeling—so that I might study and theorize them. The “theory driven” aspect of
design research suggested that studies of this type are largely driven by the researcher’s own
conjectures. Drawing upon many years as a classroom teacher, teacher educator and staff
developer in a variety of urban classrooms, I drew upon my own expertise about how students
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made sense of functions within modeling investigations. This was, in fact, a strength of the
study, not something to be avoided. Despite this knowledge, as a researcher I responded to the
data before me, maintaining the possibility of being surprised and challenged by my own initial
conjectures. This meant designing, reviewing and re-designing activities with my collaborating
teacher, making changes to our instruction based on moment-to-moment interactions with
students, reviewing the data collected during each episode, and often writing analytical
researcher memos at the end of each day. The idea that teaching experiments are iterative, by
design, allowed for both a priori and emergent ideas to be used, tested, revised and even
abandoned entirely. Finally, design experiments have typically generated a pragmatic or useful
type of theory—neither too grand to be abstract and unspecific for most practitioners, nor too
narrow as to be restricted to a single context or system.
Much has been written about educational research’s failure to make an impact in the lives
of teachers or students. Particularly given the socio-historical moment of the data collection
phase of the study—as New York City, along with most of the country, continued to implement
new shared K-12 content and practice standards in ELA and mathematics and state-wide
assessments (CCSSM, 2010)—educational research needed to be responsive to the kinds of
questions and challenges that teachers faced in their day-to-day work. At the time of the study
there was some “conceptual fuzziness” about the meaning of modeling for students and within
classrooms—both among teachers and researchers. The study was poised to answer some of
these questions. In this way, the research was poised to offer timely contributions to practitioners
as well as researchers, given the socio-historical moment.
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Role and Positioning of the Researcher
Undisputedly, teachers play a powerful role helping their students construct, organize and
acquire knowledge, mathematical or otherwise. As a result, interactions between teacher and
student, as well as among students, are of critical interest for researchers (Cobb & Steffe, 2011).
In a teaching experiment, the researcher assumes a dual role — first as a designer and
implementer of the study itself, and then as an active practitioner within the research setting (e.g.
the classroom). Therefore, in addition to crafting the modeling contexts that students in my study
investigated, I also built strong pedagogical relationships with each of them. These relationships
developed slowly over weeks of daily interactions. In this study, exchanges of all types —
among students, between teacher and students, during formal instruction and in transitions —
were treated as important sources of data, that held the potential to illuminate the development of
students’ thinking. So, my purposeful interactions with students—often discouraged in other
types of educational qualitative research (e.g., ethnographic)— provided two vital forms of
analysis. First, it allowed me to study how the interactions between teacher and students could
support students’ learning and identity development within a modeling paradigm. Secondly, it
allowed me to make public, test and revise my own understanding of the students I was studying.
In many cases, the researcher awaits further evidence to confirm, nuance or challenge their
theories about students, yet within a design study I was encouraged to respond in the moment—
acting quickly upon observations and emergent ideas and using moment-to-moment
conversations to evaluate my emergent theories.
Of course, this role was one that required a delicate balance between allowing students to
work spontaneously in collaborative group settings—independent of a teacher—and knowing
when teacher interactions could elevate some aspect of learning or sense-making. Each time I
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considered interrupting student-to-student discourse to engage in teacher-to-students discourse, I
was guided by principles from social constructivist theory. For example, when I noticed that
students were not attending to precision or had ignored a critical aspect of the mathematics, I
attempted to create some cognitive dissonance, and then stepped back to study the effects of this
dissonance. I also intervened when I believed that a group of students could benefit from an
alternative idea or representation, and in these cases I offered an invitation to think about
something different. It was never my intention for students to replicate or mimic my mathematics
or take up a strategy or idea they didn’t understand, but rather it was like providing a new frame
to the problem. In this way the introduction of a new idea or representation could be considered
an experiment in assimilation—would students act upon and take up this new idea as their own,
or reject it because it didn’t fit within their existing frame?
Setting
The study took place in an unscreened, all-girls public high school in New York City,
within an Algebra I course. Typically, Algebra I is a required year long course for incoming 9th
grade students, culminating in a New York State Regents exam, a requirement for a New York
State Regents Diploma. The course in my study included no 9th grade students and instead was a
specially designed subset of students (e.g., “repeaters”) who had either not completed the course
or not passed the exam with a sufficiently high passing grade2. As a result, the students in the
class were taking the class for the second, third or fourth time. Not only was the class composed

2

During the time of the study, the notion of a “passing” Regents score came under dispute. Historically a scaled
score of 65 (out of 100) was considered a passing score, but with local college and university systems (particularly
the City University of New York and the State University of New York) concerned about the increase in remedial
math courses for freshmen (who passed the Regents exams but were ill-prepared for college level mathematics) a
newer “college-ready” metric required passing with a score of at least 70. It was still possible to “pass” the Regents
with a score of 65, but it would require a student to take a remedial math course at the start of their first year, for
which they would receive no credit but pay full tuition.
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exclusively of students who had not passed the class or exam, it was their second math course of
the day. This particular intervention, described earlier, is known as “double dose.” Both of these
practices—re-programming students into introductory mathematics courses until they pass and
requiring twice as much math instructional—continue to be common in New York City,
providing direct evidence of the gatekeeping effects of algebra. Drawing upon a 15-year career
within the New York City Department of Education (NYC-DOE) as a teacher, teacher educator
and staff developer, I made use of a variety of professional relationships and networks from
which to find a suitable research setting. Foremost among my selection criteria was access to the
specific demographic of students (“repeaters”), and a robust, working relationship with a teacher
who was interested in engaging in the design and implementation of the study lessons with me.
While there were several possible research sites to choose from, the possibility of studying and
working closely with girls of color, all of whom were directly affected by this “repeaters”
paradigm, while partnering with their collaborating teacher, proved to be the best fit for the
study.
Participants — Selection of Collaborating Teacher
Given several specific and essential aspects of this study, I selected a collaborating
teacher who met the following criteria:
1. The teacher worked with a population of high school students who had completed but not
passed the required Algebra I course one or more times.
2. The teacher held ideas about mathematical modeling that were consistent with this study
and was interested in the practice of modeling for students.
3. The teacher was inquiry-minded — minimally, willing to support the collection and
analysis of data about student learning — and was open to collaborating in a fluid, ever-
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evolving way with a researcher. Additionally, I selected a teacher who shared my vision
of research as a collaborative endeavor.
4. The teacher and I shared a general philosophy about student learning—we believed
students need opportunities, time and support to construct mathematical ideas for
themselves; we considered classrooms to be mathematical communities where ideas are
shared, discussed, revised and refuted; and we rejected most elements of what could be
called “traditional teaching” in mathematics.
I met with a small group of possible candidates, all of whom understood the nature of the study
and the implications for them and their practice. Many offered to pilot modeling investigations
with their classes or work with me to shape the ideas of this study. I eventually chose Miss
Murray and her class of all-girls repeaters because she, more than others, met the criteria above
and was flexible in terms of logistical details (e.g., scheduling) that unfolded throughout the
study.
Participants — Selection of Focus Students
In the selection of the collaborating teacher, Miss Murray and I could situate the study
within one of her existing classes—a mixed group of sophomore, junior and senior girls of color
who were assigned to her class based solely on their “repeaters” status. There were nearly 20
students on the roster of the repeaters course at the time of the study, but many did not attend the
class on a regular basis. What might have been an obstacle allowed me to identify “focus
students” within the official class who tended to attend class more regularly. All students in the
selected class learned of the study and had the opportunity to participate. In consultation with the
collaborating teacher, we noticed that twelve girls came to class on a semi-regular basis and
within that group, six students emerged as “focus students.” Despite the small size of the group, I
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wanted to achieve some degree of heterogeneity among the focus students in terms of age, prior
educational experiences, race and ethnicity. Data about and from these students, who typically
worked in pairs or in groups of three, constituted the bulk of the data collected and analyzed.
Given the social and interactive nature of modeling, I expected that most of the salient moments
of learning and understanding would occur, and be negotiated, in these small group settings. Yet,
I wanted to be sure that each of the focus students were known to me individually—putting forth
her own unique ideas about herself, mathematics, math education and schooling in general. For
this reason, I designed extensive pre and post interviews with each of the focus students, as well
as more informal conversations throughout the study. Taken together, I was able to gather a
variety of rich and detailed data about the girls, all connected to my two research questions.
The Modeling Investigations
During the teaching experiment all students in the class, focus students and others
engaged in a deliberately sequenced set of modeling investigations. Prior to the data collection
phase of the study I gathered many potential modeling activities, examining them for their
potential to be modified and used in the study. When deciding what constituted a modeling
(versus a problem solving) task, I maintained the central premise that modeling was, in its
simplest form, an attempt to make sense of some reality in mathematical terms. Widely used
outside of K-12 education, modeling, for example, produced algorithms for cell phones to
operate, determined the risk factor for a disease, assessed the security of a computer password,
and yielded the best daily flight schedule for a busy airport. Modeling outside of school
mathematics was meaningfully used in engineering, meteorology, medicine, epidemiology,
ecology, economics, marketing, weather and climate, search engines, social networks,
cryptography, astronomy, biology and genetics (CCSSM, 2013). Given this, it was not difficult
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to find potentially interesting contexts in which students would have the opportunity to engage in
modeling, simulating the work of related professionals in believable and imaginable ways.
The challenge—from a design study perspective—was in selecting, arranging, and
launching a sequence of tasks that went beyond modeling for modeling sake. Specifically, I
assembled tasks that simultaneously:
▪ provided enough access that every student could start working on her own;
▪ were appropriately challenging for all students, especially among a heterogeneous
group of learners;
▪ were considered interesting and would not be associated with stereotypical word
problems that the students described as being the hallmarks of math texts, worksheets
and testing paradigms;
▪ held the possibility for students to construct new mathematics related to rate, ratio or
function, as opposed to simply reproducing mathematics they already possessed;
▪ were sequenced in such a way as to support the development of important conceptual
ideas related to proportionality and functions.
Originally, the study was designed to investigate how high school students who had experienced
algebra multiple times might take up a more nuanced view of functions. One of the explicit goals
of the original version of the study was to understand how students might move beyond an
operational view towards a structural view of functions. Evidence of this shift might include the
ability to reason about the role of representation of functions (e.g., equations, graphs or tables) or
to compare two different representations, without resorting to numeric calculations. Conversely,
it could also mean reasoning about a context that involves a new rate of change by transforming
an existing table, graph or equation rather than beginning anew.
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However, after informally studying the girls at work prior the teaching experiment and
discussing this issue with Miss Murray, it was clear that there were foundational ideas that
preceded the study of functions that were not stable. That is, many of the girls exhibited
uncertainty (and even confusion) about ideas of rate, ratio and proportionality—typically ideas
that are developed in middle school and undergird ideas about function. It became apparent that
the goal of the study was still to work towards the mathematics of function, but that earlier ideas
in the girls’ mathematics—particularly around proportionality—needed to be elevated, addressed
and (re)constructed. For this reason, I abandoned some modeling tasks and modified others to
provide greater access to a wider range of learners. Specifically, I focused the tasks on the
construction, and use of, rates and ratios to support a more robust foundation to learn functions.
To engender the development of ideas about rate, ratio and function, the tasks were
drawn from a variety of sources, carefully sequenced to meet the needs of the students and the
goals of the study. In preparation for the study, I piloted virtually all of the tasks with a class of
high school students who mirrored the participants’ demographics in terms of race, ethnicity and
multiple experiences in algebra courses, but who included both male and female students. The
piloting process led to some revision, modification and even omissions of tasks, based on the
kinds of thinking and reasoning that emerged and the level of intrigue or engagement that the
tasks engendered.
Of course, no lesson, mathematical or otherwise, produces the exact same type and level
of student learning across classrooms, where students, teachers and classroom environments
vary. Research suggests that the relationship between tasks and student learning is complex —
mediated by a number of factors, including how the tasks are first presented to students (by
teachers or in text form), how they are interpreted by students, and the extent to which the
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teacher maintains a high level of “cognitive demand” with the task at hand (Stein, Smith,
Henningsen & Silver, 2000). Accordingly, it was important not to simply assemble a set of tasks
that appeared suitable on paper, but to adjust them with these various layers of mediation in
mind. No less important, this study’s focus on culturally responsive pedagogy meant that the
tasks were chosen to draw upon, respond to and honor some aspect of the students’ lived
experience and tacit knowledge. In choosing and arranging the mathematical tasks of the study I
was mindful of the kind of contexts that the students would a) relate to and b) take up as their
own. The tasks are described—in the order the students experienced them—in vivid detail, in the
sections ahead.
Data Collection
During the modeling investigations, each aspect of the iterative modeling process was
studied: the launch of the task, students’ initial attempts to model, conversations among them and
with teachers, revision and feedback, and presentations of the models to the class. Prior to, and
following, the in-class modeling investigations, each of the focus students agreed to a one-onone interview with the researcher. The clinical interview, first pioneered by Piaget (1970) and a
common feature of many design studies, has evolved to include more open-ended interviews and
“think-aloud” problem-solving sessions (Clement, 2000). Unlike paper and pencil assessments,
often associated with standard forms of academic knowledge, the interviews were designed to
draw out and document a learner’s naturalistic forms of thinking and reasoning. The goals of the
first interview were three-fold: to begin to form a trusting relationship with each girl, to situate
each within larger and more personal narratives about mathematics, schooling and identity, and
to develop an emergent sense of their strategies and ideas, with respect to their understanding of
rate, ratio and function. The interview, like many clinical interviews used in design studies, was
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designed to “map” students’ initial understanding of rate, ratio and function, based on five short
tasks that they discussed and attempted to solve in an informal setting with the researcher. The
tasks were designed so that the mathematics of rate, and its relationship to function, was almost
certain to arise. Additionally, the tasks provided the chance for the girls to look for, and make
use of, structure within and between the tasks. These interviews tended to naturally partition into
two large episodes: the first, an organic conversation about the girls’ experiences as students,
mathematicians and girls of color, and the second, doing mathematics aloud with the guiding
hand of the researcher. The entire interview was video recorded, transcribed and underwent data
analysis, related to the research question that it best illuminated.
Once the modeling investigations began, all relevant data were collected from the focus
students related to their learning and classroom experiences. This includes all written artifacts—
note-taking, relics from problem solving, final drafts, posters or other class presentations—which
were digitally captured and returned to students. For the purposes of data collection, the focus
students were consistently matched together in pairs or groups of three during the study. Two
video cameras were positioned to record the conversations within each group. I tended to move
primarily between these two groups, taking observational field notes and interacting with the
students, only when I believed I could engender deeper learning as a result of our brief
conversation. The collaborating teacher, Miss Murray, also interacted with the focus students,
though she conferred with me first and also found herself working with girls within the class, but
outside of the immediate research study. Data from these small group modeling sessions were
recorded and transcribed, as well as from whole group conversations that preceded (e.g. launch
of each investigation) and followed (e.g., presentation of models by students to their peers) the
work time. In reviewing observational field notes, student work, and video data, I anticipated the
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need to occasionally conduct informal one-on-one interviews with focus students. The purpose
of these shorter, more casual, interviews was typically to clarify a student’s statement or to
confirm a developing hypothesis about a student’s sense-making or learning. These short
interviews occurred organically — emerging directly from the data.
Data Analysis
Teaching experiments can be characterized as having three signature features: ongoing
interactions between researcher(s) and students, the process of moving from one state of
knowing to another, and data that is typically qualitative in nature (Cobb & Steffe, 2011). As a
result, researchers often collect a variety of data to capture these important interactions and
shifts, as I have described in the previous section. At the heart of most teaching experiments is a
sequence of teaching episodes (Steffe, 1983)—a set of lessons or activities led by one or more
teacher-researchers, with one or more students, ideally witnessed by a secondary participant, and
recorded for later analysis. Physical artifacts that emerge from those sessions, such as student
work and other representations, are often collected when they provide important data about
students’ learning or bolster emergent theories about this learning. In addition, carefully
constructed clinical interviews allow the researcher to investigate a particular issue, student or
group of students, in depth, and are a common feature in design experiments because they
provide a different type of data or a new “view” on the same data. They, too, are typically video
or audio-taped for later transcription and analysis.
In this study I planned for two primary levels of analysis, illustrated with examples from
a pilot study. After collecting and transcribing data, my first form of analysis was to identify
units of analysis, what Steffe (1980) would refer to as a teaching episode. Given the study’s
focus on modeling, which has been described as an iterative, cyclical form of problem solving, I
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first partitioned the data into phases of the modeling cycle. These phases became codes,
developed a priori from the modeling literature, as well as within the study itself as they arose.
For example, the set of exchanges between students in Table 1 illustrated a phase I considered
problem posing. In the table below, students are working on a problem that was focused on
planning for a graduation ceremony, the students raise authentic questions about a situation that
are personally relevant to them.
Table 1
First-level coding — Phases within the modeling cycle
So, now that we know what it is. I’d like us to
Problem Posing Phase
think about: What questions could we ask about
this situation, this graduation?
Here the conversation
shifts — students generate
Assuming that the time is consistent, how many questions they have about
context, the artifact and
seconds does each student take? Actually, that
the situation in general.
makes me think of another question: Is the
timing consistent between students?

23

Miss Imm

24

Evelyn

25

Miss Imm

Do you guys know what “E” means by this?

26

Evelyn

So some of these names and long and some are
short, and it might take whoever is reading the
names longer to say the big names. So I’m not
sure we can assume that the time is consistent,
you know what I mean?

Based on data from this pilot study as well as the literature, other phases of the modeling cycle
may include sense-making, model creation, negotiation, revision, and verification. For additional
examples of each of these phases, see Appendix B.
Within this first level of analysis it was critical to name and justify the existence of any
models that students develop. This required that I could identify, in advance, what constituted a
model. In this study I cast a wide definition of what counted as a model. Grounded in the
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literature and informed by my experiences with students who are new to modeling, I considered
a model to be a representation in words, pictures, symbols or actions used to describe, explain,
predict or solve a mathematical system or situation or dilemma. Unlike “single use” solutions to
traditional mathematical problems, a model had to be flexible and reusable — having the
potential to be generalized across a number of related situations and contexts. In a typical
modeling investigation, more than one valid model emerged. In fact, during the pilot study of the
first investigation four distinct models emerged: a rate, a ratio table, a physical enactment, and a
rule in words. The development of these models did not follow a neat pattern from simple to
sophisticated, and in fact, some early models were more stable than later models. My analysis
focused less on what was or was not a model, and more on how these models supported students
to reason about the context at hand. As a result, I identified where and when models emerged
(even in nascent or tentative forms) and how they developed as students continued to work
together (see Appendix C). Ultimately, I was not interested in models for models’ sake, but how
the process of modeling supported students to deepen their ideas about rate, ratio, proportionality
and function. Having a clear picture of the type, frequency and development of these models led
directly into the next level of analysis.
The first level of analysis (described above) linked the data directly to the modeling
process, resulting in a series of episodes and smaller interactions that could be analyzed by type,
across investigations, by student and over time. In a way it provided an organizing frame: a way
to partition multiple hours of classroom data into smaller, more meaningful units, coded in a way
for important patterns to emerge. The second level of analysis (see Table 2 for example) was
considerably more complex. Here I grounded my analysis more deeply in my research questions
and returned more directly to the idea of function. Recall that these questions are:
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1.

How does modeling develop functional reasoning, especially related to
proportionality?

2.

In what ways does modeling support the development of mathematical identities
for adolescent girls of color?

In order to shed light on these questions, it was important to possess—a priori—a working
theory about what “functional reasoning” would entail for high school students. Based on the
literature, I identified the concepts that were vital to the development of function sense (see
Appendix D). I assumed that the girls in my study, having several experiences with high school
algebra, would possess a range of ideas related to function that included: preconceptions (early
and initial ideas), common misconceptions and ideally conceptions — generalizable or unifying
ideas that help them to organize and make sense of function. Therefore, I initially coded the data
by using the signifiers preconception, conception and misconception whenever my analysis
deemed it appropriate. As I studied the data more carefully, however, I found that the categories
of conception and misconception were much blurrier than they appeared. It was often the case
that an idea was “under construction”—neither dismissed nor fully formed—and yet worthy of
study because it precisely captured a student’s state of understanding in the moment.
In addition to conception-level coding, it was important to study how the girls
approached aspects of the problems. Here I was interested in the specific strategies they
employed to get closer to developing a working model. I defined strategy as how a student
solved a problem generally, and within this study, what she said or did to work towards a model.
With the data coded for conceptions, strategies and models, I hoped to illuminate what functional
reasoning meant for the participants, and how the experiences I designed and facilitated
contributed to deepening or expanding that reasoning.
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Research supports the idea that, for students, the construction of conceptual ideas is likely
to be dynamic, flexible and shifting. As a result, this ever-shifting development can be
challenging for researchers to codify. Given this, I hoped to extend some existing models to
capture students’ learning related to function, throughout the study. I drew upon ideas originating
from the Realistic Mathematics Education (RME) tradition, where a landscape of learning (see
Appendix E) could capture the students’ hypothetical learning trajectories—their pathways
through learning—that mathematical development might undergo. Recall that if mathematical
development were linear and straightforward, teaching would be simple and there would be little
need for these “messy” frames. Research documents how complex, varied and non-linear the
development of conceptual ideas can be. Many such landscapes exist, but currently a landscape
for function, and its relationship to proportionality, does not. In this way, I used the idea of a
landscape as an analytical metaphor: hoping that my coding of models, strategies and
conceptions could create a “map” of sorts, and be used to identify “where” my participants were,
in various static moments in the study, but more importantly, to analyze the relationship between
the experience of modeling and movement within the landscape.
Table 2
Second-level coding — Elements of function sense
A, B and C are students; R is researcher
18

B

So 26 students in 5 minutes,
that would be 5 minutes
divided by 26. Hold on….

Second-Level Codes
B uses
Conception
Rate means associating
graphing
two related quantities in a
calculator
proportional way.
Strategy
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proportion to find a unit
rate.
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19

C

You can’t do that.

20
21

B
C

Why not?
It would be 26 divided by 5,
not 5 divided by 26. Why are
you dividing by students?
That makes no sense.

22

A

I agree with that. Do 26 by
5….

23

C

That gives me 5 minutes and
2 seconds

24

R

25

26

Misconception Division entails dividing
a larger quantity by a
smaller quantity.
Misconception Rate must be unidirectional —students
divided by or time
divided by students, not
both.
A grabs
graphing
calculator
Reading
Misconception Unit confusion. Portions
the
of a minute are
number
considered seconds, not
5.2 off of
fractional parts of
the
minutes.
calculator

B, can you say why you
thought 5 divided by 26
made sense?
B Well, it’s like I was doing 5
minutes into 26 parts. And
each of the students gets
some part of the minutes,
which is what we are trying
to find out, right?

Conception

One form of division is
associated with
partitioning and
distributing. Each student
receives “some part of
the minutes.”

Conception

Dividing two associated
quantities in a proportion
results in a unit rate.

R

And for you all, 26 divided
by 5 made more sense, right?
27

28

Yeah, it would be 5.2. It
would be 5.2 seconds, which
is about right.
C Exactly. That would be for
one kid.
A
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Because the students in my study exhibited some significant gaps in their understanding
of function, my a priori codes were insufficient. I returned to each episode to provide an
additional set of codes related to rate, ratio and proportionality. Much like the coding for
functional reasoning, and directly related to those ideas, it became necessary to identify students’
conceptions, strategies and models, related to proportionality. In fact, the codes were more
numerous and the analysis more extensive when I shifted my gaze from function to
proportionality. This also reflects the way in which I modified some of the modeling tasks to
better support and engage the students.
Taken together, these two levels of analysis and their associated codes provided a useful
approach for gathering evidence of the first research question: How does modeling support the
development of functional reasoning? However, it was vital to reorganize the data in a few ways
to better illuminate patterns and trends. For example, all of the pre and post interviews
underwent the same types of analysis as the in-class modeling investigations. It became useful to
analyze the pre and post interviews, in isolation of the teaching experiment, in part because they
were the best indicator of the girls’ understanding before and after the modeling investigations.
More powerful, however, was tracing each of the focus students from her pre interview—
through all of her in-class modeling investigations—to her post-interview. This type of analysis
gave way to important case-study like findings, that are described in the next section.
After I felt assured of my analyses for the first research question, I returned to the data
with the second research question in mind: In what ways does modeling support the development
of mathematical identities for adolescent girls of color? I had fewer a priori codes developed, in
part because I wanted the notion of identity to be informed by the data, and in a way, for the
participants to contribute to my definition of identity. After early analyses of the pre interviews,
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several themes emerged that became analytical codes throughout (e.g., voice, power, status,
intelligence, failure). During those first interviews the students offered diverse and rich
descriptions of their lives in math classes so far, with a specific focus on the high school
experiences and their experiences having to repeat the class one or many times. Within these
descriptions their relationship to their teachers, to standardized testing, to mathematics, to other
students, and within the construct of school emerged. Therefore, I turned each of these ideas into
codes that I would use throughout the entire data set.
Through this first-level analysis, additional themes emerged. The presence of
standardized testing on the girls’ experiences and identities was proved to be ubiquitous. As a
result, I did extensive analysis on how the girls came to understand themselves within this highstakes testing paradigm. I began to re-analyze their associated ideas and beliefs. This seemed to
open up a “portal” of themes such as: competence within the mathematics classroom (e.g., Who
assigned it? How did one become competent in mathematics?), speed and doing mathematics
(e.g., why the course moved so quickly, how it felt to be rushed), and mathematics as an exchange
for some academic reward (e.g., demanding points or a high grade for doing lots of practice
problems).
In this stage of analysis, I was also mindful of ideas related to intersectional identities—
as we spent more time together, the girls came to reveal more and more about their experiences
as girls of color. This includes conversations about living at the intersection of both racism and
sexism and how these experiences played out within math class.
Having completed significant analysis of each of the research questions, I then began to
look for relationships between them—now taking a wide view of the study to determine the
relationship between the learning of mathematics and the development of identities, all within
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the context of modeling. Here I used every piece of data I had available and looked for new
patterns, themes, and relationships: within each task, across the tasks, from the pre-interview to
the post-interview (treating them like “snapshots” of learning and identity), and for each girl in
the study individually. This flexible type of analysis generated two new findings that might have
remained unexplored had I not taken this wider, more integrated view.
Consideration of Limitations and Challenges
While design studies have become more commonplace, they are not without critique.
Those who believe that researchers must maintain a separate, or “objective,” positioning with
respect to their participants, will find design studies to be flawed and problematic. But within
design research the highly interactive nature of the relationship between researcher and students
is intentional and critical— providing researchers the “possibility of influencing the educational
community’s image of mathematics teaching, learning and curricula” (Steffe & Thompson, 2002,
p. 301). In fact, the teaching experiment was conceived to eliminate the separation between the
practices of research and teaching. This particular type of studying students “up close” proved to
be complex: navigating my dual roles as lead teacher and sole researcher made me wish for an
extensive team of research collaborators. This was heightened by the need to reestablish quick
rapport and trust with the focus students. Despite its many logical challenges, the design of the
study ultimately provided an incredibly rich and abundant set of data, curated and collected
moment by moment, and based on pedagogical relationships within the classroom community.
Additionally, any study in which the researcher is situated within the constraints of
students’ learning poses the potential to be challenging. One challenge, as Steffe and Thompson
(2000) note, is learning precisely how to interact with students as both a co-teacher and
researcher. For example, though researchers may have carefully planned a sequence of
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instructional activities and materials for students, this plan is open to revision and may be of little
use to them in their in-the-moment interactions with students. If researchers knew in advance
how their interactions with students would engender the kinds of outcomes we desired, there
would be little purpose of the teaching experiment (Steffe & Thompson, 2002). Instead, teaching
experiments require one to live within a productive tension—when necessary, responding to
students in a responsible and intuitive way, while maintaining an analytical stance. Related to
this is a secondary challenge—simultaneously being able to engage in and analyze interactions
with students as they are occurring. The challenge for researchers in design studies is the idea of
“being” in two places at once—in the interactions and just outside of them (Steffe & Thompson,
2000). Designing the study to be a collaborative endeavor helped to alleviate this concern. The
collaborating teacher often takes up the role of observer—an informed and invested “outsider”
who can observe and study these interactions with the researcher both in the moment and,
through video, just after the fact.
Design studies are a clear departure from traditional psychological experimentation that
involves control of variables and focus on causal effects. Instead, research of this type attempts
to carry the idea of experimentation into the natural setting where participants, practitioners and
collaborators exist and operate (Collins, 1999). This shift in “location” is actually philosophical
in nature, requiring an analogous shift in methodology—replacing a more linear design (typically
data collection prior to and following a controlled intervention) with an iterative and more
responsive design that can account for the messy and non-linear aspects of learning and sensemaking, particularly within classrooms contexts.
Lastly, given the highly situated nature of design research, concerns about the
generalizability of its findings are common. This is particularly true when researchers attempt to
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extend their knowledge claims across multiple (and sometimes unrelated) contexts (Shavelson,
Phillips, Towne, & Feuer, 2003). As is true of all other forms of scientific inquiry, design
researchers must present a coherent, systematic and explicit chain of reasoning about their
knowledge claims. It also follows that the methodology of design studies must be transparent
enough for others to replicate, extend or modify the study in additional or new settings. To be
clear, design studies are not poised to offer grand claims about, for example, how all students
learn algebra, but instead are more likely to offer “cases of.” Drawing upon carefully assembled
evidence, a design researcher might offer an illustrative case of a student or a phenomenon that
may be typical of others like it, as I have done in this study. These cases of, with a sufficient
chain of reasoning, may be considered generalizable but in a more humble and bounded manner.
They typify the kinds of rich and detailed contributions that this study can offer.
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Chapter 5: Analyses and Findings
Overview of Results
The results of the research are presented here in two major sections, organized to
correspond directly to the two research questions:
1.

How does modeling develop functional reasoning, especially related to
proportionality?

2.

In what ways does modeling develop mathematical identities for adolescent girls
of color?

First, I describe three specific findings that demonstrate how modeling supported students to
develop concepts related to function and proportionality. These three findings, which are
elaborated in much greater detail to follow, are summarized here:
1.

Modeling supported students to associate two changing quantities as a rate of
change. The use of models helped them to reason about rates within a specific
context and justify the generation of equivalent rates. Students’ social knowledge
generally provided a support for sense-making and reasonableness, but
occasionally impeded mathematical precision when the students over-relied on
their experiences.

2.

Model-interpreting tasks (e.g. motion detector), in tandem with model-eliciting
tasks, supported students to connect ideas about rate with “key features” in linear
functions such as rate of change, Sam-intercept and slope. The tasks worked “two
sides” of a modeling paradigm: giving students the chance to develop
mathematics from a context (model-eliciting) as well as interpret the context from
the model (model-interpreting).
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3.

Targeted and purposeful interactions between teachers and students, during the
modeling cycle, provided necessary access to new mathematics and elevated
existing mathematics. This allowed students with concepts or strategies still in
development to participate fully in a modeling cycle, contributing to the collective
sense-making around proportionality and function.

Then, I pivot to the second research question, providing analysis to demonstrate how modeling,
as enacted in this study, supported the development of mathematical identities for the adolescent
girls of color. A brief summary of these two findings is provided here:
4.

Modeling investigations are not inherently culturally responsive to learners, and
for marginalized students, the contexts may not seem relevant, meaningful or
motivating. The investigations in this study, however, were deliberately situated
in imaginable culturally relevant stories. This was a necessary but not sufficient
pedagogical move. It was equally vital that the participants see themselves as both
story-makers and storytellers, giving the girls continued opportunities to envision,
imagine, participate in the narratives. This crafting of narratives—personal,
cultural, individual and shared—created opportunities through which
mathematical identities might deepen.

5.

Modeling was designed to be a noticeable departure from the “test prep”
environment that the participants had come to expect of math class. By
repositioning students to: work collaboratively, to receive ongoing feedback, to
produce and justify a model for the class community, and to treat their teacher as
a facilitator and not de-centering the teacher as mathematical authority each
contributed to the continued negotiation of the girls’ mathematical identities.

87

MODELING WHERE IT MATTERS
In most dissertations, findings such as these are presented in their entirety, separate from
the discussion section. In this study, however, I found it powerful to weave the discussion
throughout the findings themselves. I determined it more useful to integrate the theoretical and
conceptual frames within the analysis where they were most germane. Following this entire
section, however, I do provide an additional discussion section where I relate all of the findings,
offer connections between the two research questions (and two additional findings), and situate
the all results within a larger paradigm of mathematics education.
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Finding 1
The three model-eliciting tasks in the study provided students the opportunity to
construct, analyze and make use of a variety of rates. This entailed a variety of related
mathematical activity such as identifying two important quantities to associate, knowing how to
associate them as a ratio, seeing the ratio as a rate with its own meaning (e.g. the ratio of time
and distance creating a rate called speed), interpreting rate within a context, and then using the
rate to predict, interpret or extend some aspect of the situation.
Recall that in Task 1 (High School Graduation) the girls analyzed a partially annotated
graduation program where the question “How fast were the names of the students being called?”
became a focus of their modeling. In Task 2 the girls simulated two phenomena—one real (The
Wave at Yankee Stadium) and one imaginable (Passing the Book)—in order to design a model
that would describe and predict the length of the phenomena based on a larger number of
participants. That is, the girls predicted how long it would take the top ring of Yankee Stadium to
“do the wave” or how long it would take their entire school, standing fingertip to fingertip, to
pass a single book. Finally, in Task 3 the students analyzed images from a mystery iPhone,
focusing on the relationship between the time of day and the “dying battery.” How fast the
battery was dying, and under what conditions, became the context in which they constructed a
rate. In the sections that follow, I provide detailed evidence of the ways modelling, as a social
and mathematical process, allowed the girls to develop, make sense of, and extend these rates.
Each section begins with a brief description of how the modeling task was launched with the
entire class, then follows with detailed examples to illustrate how modeling supported the
students to deepen their understanding of rate.
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Task 1: High School Graduation
The Launch: Setting the Context. It is our first official day together, so we move the
desks out of rows into a half circle where every student can see each other. “We’re going to
start,” I say as the new visiting teacher researcher, attempting to establish new norms. “We’ll
start in this kind of big group. And then I’ll get you thinking and I’ll get you wondering.” Next, I
mention the idea of a high school graduation and ask if the girls have ever attended one. A series
of personal stories from elementary school and middle school are shared, drawing in memories
of friends, weeping mothers and lots of laughter. Next, I distribute an artifact of a graduation
program (see Appendix F) and ask the girls to study it for 90 seconds, developing wonderings
and questions. I invite the students to write on the program as they try to make sense of it. A
student named Danya interrupts the quiet:
Danya:

Are we supposed to have questions?

Miss Imm:

You probably will….

Danya:

Okay ‘cause I have a lot of questions. Now let me see if I can find
somebody with my name.

It is significant in that the artifact alone has provoked Danya’s intrigue and that she begins by
finding herself in the program, as if she were a character in a story we were reading. Modeling is
designed for students to be problem posers—this initial interaction suggests that believable
artifacts have the power to elicit questions from students without teacher prompting. We begin to
list initial questions and wonderings that the girls have. After some discussion about the high
school and the authenticity of students represented in the graduation program (e.g., “these names
seem foreign”), I move the group towards problem posing. I reveal a fact not listed in the
document—that the entire ceremony begins at 1pm—and wonder what that means for the
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ceremony and the name-calling of graduates. After more conversation about the length and
importance of speeches and the believability of the ceremony in general, I invite the girls to
problem pose:
Miss Imm:

I’m going to ask you to think about a question you could ask and answer
about this graduation program, knowing that the program started at 1:00
PM, that Zoe got called on the stage at 1:28 PM, and that Dakota got
called at 1:33 PM. What’s a question we could ask?

Together we develop five questions (Figure 4), four by the girls and one added by me to elevate
their mathematics. The girls’ teacher, Miss Murray, and I divide the students into small groups of
two or three students and encourage them to choose a question or questions that most interest
them.
Danya, Jaila and Keisha (Group 1) move from informal to formal models of rate.
Danya, Jaila and Keisha choose to investigate the fifth question: When should a parent get up to
see their son/daughter graduate?
Figure 4
Questions developed during problem posing
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Danya chooses the question because “it’s mad easy” and believes that the answer to the question
“it’s right there, you know like, right there.” By locating your child’s name in the program, then
“going back five names,” every parent has a way to be prepared, camera in hand, as their child
crosses the stage, she reasons. The group’s first model is based almost exclusively on social
knowledge, and has little to do with rate, ratio, or proportionality. They estimate, from their own
experiences, how long the names are being called, from the perspective of a parent wanting to
approach the stage to a take a photo. Initially, they make no measurements or calculations, and
the graduation program itself isn’t used in their model. Instead they are drawing upon their own
experiences at graduation, using these experiences to estimate. This illustrates a key feature in
modeling—students’ use of situation-specific reasoning and emergent (often informal)
representations. This allows me, as their teacher, to build on their informal models, nudging
towards precision, mathematical models and re-directing their modeling towards the specific
data:
Miss Imm:

Okay, so can you give an exact time? I know you were saying go up
about—like follow the program and go up. But let’s say I’m really Lacy’s
mom. Can you say exactly what time she’s going to be called?

Jaila:

No, we don’t know because we don’t know how long the…each person
takes.

Jaila’s acknowledgement that the group hasn’t found a rate per person becomes important. When
I ask, “Could you figure that out?” she responds, “I don’t think so.” Danya agrees, “Not me.” But
Keisha believes it can be done. She returns to the program and uses the two marked times (1:28
and 1:33) to identify a five-minute interval. Then the group begins to count the number of names
called within this interval (25 names). Danya offers the first identification of the variables within
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the context and begins to associate these quantities as a rate: “There’s twenty-five people. In five
minutes…” With the quantities 25 and 5 named as significant, the girls begin to extend the
relationship between names and minutes. Eyes fixed on her program, Jaila thinks aloud, “So it
takes….” as Danya finishes her thought, “So it takes five seconds to call the next person.” But
Jaila isn’t sure about this, “Five seconds? Shouldn’t it be like 50 seconds?”
Keisha then enters the conversation, “No, like five seconds.” It is not clear that Jaila is
fully convinced. So, Danya and Keisha defend the five-second count by re-enacting the program
in real time:
Danya:

So, it would be like, “David Zachary Baker. One, two, three, four, five. Um,
Joseph Baines. One, two, three…” You know? Basically…the regular beat.

Keisha:

And if you think about the tempo of it that does seem correct.

Here the girls have moved from minutes to seconds without a discussion of how these units are
related and how the “new” unit of seconds entered into their sense-making. This episode
illustrates the way modelling supports the group to make sense of rate within a context. It would
be tempting to label these interactions misconceptions about rate, since they have now justified
an incorrect rate.
In fact, there are at least three underlying features of their new rate (five second per
student) that reveal critical understanding. One, the conversation about five seconds implies that
some mental division has occurred (25 ÷ 5 = 5 ÷ 1). That rates can be divided or multiplied by
the same factor or multiple is a big idea that the girls are making use of here. Two, the
emergence of seconds—not minutes—suggests the need for a smaller/shorter unit to describe
how fast each name was being called. Modelling requires learners to live in the interplay
between mathematical model and the context from which it derives. The girls here appear to be
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mindful of the situation, landing on five seconds per student as both believable and imaginable in
the context of a high school graduation. Three, when presented the rate of 25 names in 5 minutes,
the girls attempt to construct a unit rate (e.g. how long for one name?) even though they do not
name it as such. The instinct to find a unit rate, and to trust that it could be helpful as a model,
will later support them to reason about slope and rate of change.
Next, the girls try to answer the question: When did the name calling begin?
Jaila:

Did you say that there’s twenty-five names in between every five minutes?

Danya:

Yes, in between these five. [pointing to the program]

Keisha:

Yes.

Jaila:

So, like go back twenty-five more. And see where that leaves you.

Here Jaila suggests a “chunking” strategy—she trusts that the rate of 25 names in 5 minutes is
true everywhere in the program, not simply in the marked portion. Here the ratio of 25 names in
5 minutes is being treated as a unit, and Jaila is measuring or iterating using this unit. Each
student is physically marking up the graduation program, noting where these iterations of 25:5
fall within the list of graduates. It is unlikely that this strategy would have emerged without the
presence of the graduation program itself. Potentially, then, this is evidence of how a physical
artifact—grounding the entire modeling experience—supports students to construct ideas about
rate.
Using Jaila’s strategy, the girls find and label 1:23 PM in the program. But one student is
not fully convinced:
Danya:

Wait, wait, one, no, wait, because…okay…So it’s five minutes, it’s five
seconds per person names being called.

94

MODELING WHERE IT MATTERS
Danya suggests that the group return to the idea of five seconds per student and work through the
graduates’ names. She demonstrates the logic of her strategy:
Danya:

It’s five seconds so it’d be like…one, two, three four, five. That’s five.
One, two three, four, five. Ten. One, two, three, four, five. Fifteen. One,
two, three, four, five. Twenty.

Realizing that by counting in five second chunks she will eventually reach one minute, then five
minutes, she quickly abandons her idea, noting that “I know what I was talking about. It just
didn’t come out right.” In fact, the exchange highlights the disconnect between the two rates—25
minutes for 5 names, 5 seconds per 1 name—and the fact that the girls are wrestling with
whether or not they are equivalent. This development illustrates the potential for modeling to
create dissonance about ideas, forcing students to then have to reorganize and revise their ideas.
Here, the girls know that they are reasoning about two rates that tell two different stories about
the graduation, and that both cannot simultaneously be true.
Instead of reconciling these two competing ideas, however, the girls “stick to our first
method” [Keisha] of chunking but now realize there are only fourteen names remaining. Without
a friendly multiple or factor of 25 to work with, they attempt to merge their two rates:
Jaila: Yeah…Because see how it’s like 1:28, so that means it’s like 1:23 right here. We
just need to find out what time it was when they started and since we don’t have
25, we just need to count five seconds each person.
Then, instead of pursuing this, Keisha suggests an alternative, “They most likely started at like
1:15. Probably.” The group agrees that 1:15 is sensible for a variety of reasons—they envision
and justify three five-minute speeches, the fact that any earlier than 1:15 would not allow for
introductions and speeches, and the convenient “evenness” of the number 15.
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Keisha’s statement reflects their return to informal or tentative reasoning, which they
justify using social knowledge. Faced with a mathematical quandary—whether 25 names in 5
minutes and 5 second per name are equivalent—they pivot away from the mathematics of rate,
towards an estimate from common sense and their own lives. In a way, it creates a dilemma for
their teachers. Yet it also gives me, as their teacher, another opportunity to mirror back to them
their ideas and then guide them through questioning. I enter their conversation, first
acknowledging their rate of 25 students in 5 minutes. Then, I ask, “Where did the five seconds
come from?” The girls justify this rate in three ways: re-enacting the name-calling of the
program (e.g. using the “regular beat” of 5 seconds between names), drawing on their own
experiences at graduations, and naming the mathematics that they used:
Jaila:

We divided.

Keisha:

Of course, 25 divided by 5 is 5.

Modeling, in this moment, provided the girls several ways to defend their thinking: two drawn
from social knowledge of the context, and the other drawn from their knowledge of rate and
ratio. Note also, that they did not appeal to an external mathematical authority (e.g. teacher) to
confirm their thinking, as they might have done previously. I see this as emergent evidence of the
role of sense-making in modeling. That is, the group is taking up a central idea within
modeling—if it makes sense to our group and we can justify it to others, then it bolsters our
choice of model.
Not satisfied that they have attended to the swapping of units from minutes to seconds, I
invite the girls to justify their model.
Miss Imm:

Okay, so can we test your rate then? So, you’re saying each of these kids
takes five seconds.
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Keisha:

Yes.

Jaila:

We did it.

Miss Imm:

How many kids would it take to make a minute? If I do five for you, five
for you, five for you? How many…?

With the group re-engaged in modeling again, I step away. Danya claims that “that don’t even
fit”—acknowledging that the two rates do not correspond and are not equivalent. The group
expresses their confusion and their sudden loss of confidence, as if there has been some defeat. I
remind them of their idea to divide and ask why this makes sense:
Keisha:

[When multiplying…] You’re putting more to it. You’re dividing to break
it up.

Danya:

To separate it like little bits.

Their ideas about division appear to be consistent with early ideas, perhaps from elementary
school, such as: we divide to make things smaller, we divide to partition into smaller same-sized
groups. What is not evident is whether they have other ideas about division and its relationship to
ratios and rate, such as dividing both parts of a ratio creates an equivalent ratio. Their use of the
term “it” suggests that they may conceive of division in concrete, countable items (e.g., some set
of objects being partitioned or distributed). It is not clear whether, in their conception of division,
“it” can refer to a ratio that contains two related quantities (see figure). That is, when we divide
“it” what constitutes that mathematical object?
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Figure 5
Type of division: “I divided it” for 25 ÷ 5:
Division as partitioning
(chunking)

Division as distributing
(sharing)

25 cookies into bags of 5
25 cookies for 5 friends
cookies
I divided it means I partitioned I divided it means I distributed
the cookies into groups of
the cookies across five groups.
five.

Division as scaling up/down a
ratio
25 names: 5 minutes
I divided it means I scaled
both parts of the ratio by the
same value

By dividing both the names and the minutes by five, Keisha arrives at the idea of “five to
one” which she understands as five kids to one minute, and she deems “reasonable.” With each
new rate that has emerged Keisha continues to operate within a modeling paradigm: initially,
five seconds per name seemed reasonable, then five names in one minute also seemed
reasonable, but Jaila’s fifty seconds per names did not. Her insistence on reasonability illustrates,
in this way, the helpful aspect of sense-making within a context that modelling provides.
Throughout the study, Keisha will continue to channel the need for reasonability, increasingly
trusting her mathematics as long as it also passes a “common-sense” threshold, as well. Now,
with this revised rate (five to one) the girls continue to “chunk” the program, marking each
minute until they decide that the name-calling begins at 1:20. When the bell rings, the girls pack
up, declaring themselves to be “math geniuses” and offering each other high fives.
The following day, Keisha and Danya begin work on a poster to share with the group.
This aspect of modeling—discussing our models with a larger community—allows the girls to
codify their learning, to re-”present” it for others, and to communicate mathematically their ideas
both verbally and in writing. It is also a way in which strategies and models can be made public
and taken up by others in the community. Keisha interprets this stage as “we have it all mapped
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out, but we have to make it a visual.” They restate what they understand so far, landing on the
rate of “five kids per minute.” But then they lose sight of the question they are trying to answer:
Miss Imm:

And so, what's the question you're answering now, if you know there are
five kids in one minute? [long pause] And are you now working on one
kid? Is that what you're trying to figure out?

Keisha:

How many kids…?

Danya:

For one kid, like…

Miss Imm:

You want to know how long it takes one kid to walk on that stage?

Keisha:

Yeah, five seconds.

Miss Imm:

That's the question. Is that five seconds?

Danya:

Uggh…I need a calculator.

Danya announces a new rate of “eight seconds per name” but when pressed to explain it, she
admits, “Nah, I just guessed.” Keisha explains that Danya was using “railroad method,” a
procedure they learned from another teacher for converting units. Danya describes it as “like
finding your new rate but it’s more of converting.” The railroad method proves to be unhelpful,
because the girls don’t fully understand how to use it. Danya notes that it “was a fail,” while
Keisha deems it “an epic fail.” I see it as residue of their test-prep curriculum to date—a
procedure learned, or memorized, that the girls never fully understood. In this way, when they
attempt to use it in an unfamiliar context, it doesn’t provide the result they hoped for. Modeling
forces them, in a way, to draw upon procedures that make sense to them because they will be
invited to justify their models (and the procedures that support it) in a public way.
This episode illustrates how modeling as a sense-making process invites students to draw
upon what they know in order to make sense of a situation. Here Danya and Keisha have a unit
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rate (five students per one minute) but they want a different unit rate (seconds per one student)
and don’t know how to construct it. They try guessing (e.g., 8 seconds) and then draw upon
procedural knowledge (e.g. railroad method), but neither prove helpful. Only later, when they
come to rename one minute as sixty seconds, do they make sense of the unit rate. Danya reasons
that five students per minute means each student takes 12 seconds: “If we do 12 times 5 we get
60.” Then, by using the graduation program to check this model, they come to trust it. Modeling,
in this episode, gives them a purpose for their mathematics. They are looking for a way to
explain and justify what is happening in this imagined high school graduation. Because the
context is believable to Danya and Keisha, they are looking for a rate that is true to their lived
experiences and is mathematically consistent across the entire graduation program. If modeling
were merely “answer getting”—as most of their algebra courses have been—the girls would
have been “finished” with this task within moments. Instead, modeling required them to go much
deeper—to justify, to represent, to accept critique and to defend their ideas publicly.
Khadijah and Natasha (Group 2) invent the “split.” Like the students in Group 1,
Khadijah begins by using the 1:28 and 1:33 marked times to declare that “like 24 students going
basically in 5 minutes.” She then extends this thinking as a strategy—“we kept doing that over
and over again”— meaning they were moving in both directions, marking the five minute
intervals in the graduation program. There are fifteen students at the beginning of the program
and six students at the end of the program who do not “fit” into their “chunking 24” strategy.
Khadijah’s instinct is to split but she is hesitant about how to proceed. She drops her
pencil and looks away, so I intervene in this moment to encourage this idea:
Miss Imm:

Did you record that splitting idea anywhere?
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Natasha:

I wrote it on like a note and I said half of 24 is 12 so every 12 students
would be 2 1/2 minutes because half of 5 minutes is 2 ½ minutes.

Listening to the way Natasha scales the 24:5 ratio to 12:2 ½ I record her idea in a ratio table
(Figure 6). Together we restate that if 24 names are called in 5 minutes, then 12 names would be
called in 2 ½ minutes, as Natasha asserts. I wonder aloud whether this could help them generate
some more “combinations.” Khadijah grows animated by this idea, “Yeah, or we could figure
out one kid. One name being called would take a couple of seconds. I thought it would take
minutes. I think it would take seconds.”
Both the instinct to find a unit rate, and the revision of an earlier estimate, lead the girls to
extend the table. This is a second example of how modeling allows the teacher to build on
students’ initial or emergent ideas, subtly taking Khadijah’s emergent idea of splitting and
Natasha’s “note” and representing them both in a table of values for them to mathematize. Preinterview data from the girls confirms that they are new to modeling and do not tend to use
models, such as a table, without the encouragement or “blessing” of a teacher. While this table is
a co-constructed model by teacher and students, what is powerful is the way it is taken up by the
students as a tool for thinking about rate on their own.
Figure 6
Ratio table of students per minute
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Khadijah and Natasha extend the table by halving, but their understanding of the ratio
table, and the ratios themselves, prove to be different:
Khadijah:

How many students? Oh 6 students right—six? So…24, 12, 6. That makes
5, 2 ½, and you say “2 minutes, 30 seconds.” And half of 6 is 3.

Natasha:

Wait. So would I have to cut these in half too—1 minutes and 15 seconds?

Natasha reveals the idea that for a ratio to be maintained both quantities need to be divided or
multiplied by the same value (here, dividing by 2 or halving). But her question suggests some
hesitancy. It is not clear that Khadijah shares this idea—she tends to focus on the quantities as
separate entities, focused primarily on halving the number of students and not the number of
minutes. The girls invent the word “split” to describe the half of a number, because they reason
that “the split of 1 minute is 30 seconds so that’s 30 and 30 would make 1 minute.” In this
episode, modeling allows the girls to reason about quantities in a sense-making paradigm. All of
the values that they are splitting have meaning to them. Even though their mathematics is
hesitant and in development, they show evidence of trusting the corresponding ideas about rate
(e.g., by having the number of names being called, the time is halved, too) that are emerging. I
argue that this is because their modeling, unlike much of their work thus far in their mathematics
classroom, is enacted within a context that they understand and can explain to others.
Continuing with their splitting idea, Khadijah realizes that “I don’t know what gives you
15.” Miss Murray, listening to this dilemma, offers them the use of calculators, which they
accept. Khadijah is not sure of how to find the “split”—“How do we? The square root of 15?”
Natasha explains that “it’s a decimal” and proceeds to divide by two. They reach the conclusion
that 15 divided by 2 is 7.5 and correctly interpret the new quantity as 7.5 seconds. They are not
entirely happy with reasoning about portions of seconds but with some support from Miss
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Murray they continue. Modelling, in this exchange, gives the mathematics a purpose. There is an
intended goal to all of this splitting. Khadijah and Natasha are trying to develop a unit rate
because it could provide an explanatory model of the situation and one that they could generalize
anywhere in the graduation program.
They have found the “split” of 1 minute as 30 seconds and the “split” of 15 seconds as
7.5 seconds but are not sure how to proceed. Khadijah wonders if they should “add them
together” or “keep taking away.” Natasha suggests they “can still add” and wonders, “So would
it be 37.5 seconds?” They record that 3 names will be called in 37.5 seconds, as Khadijah
wonders whether “that’s the lowest we can go.” Because they have previously divided the
students by 2, essentially halving over and over again, Natasha asserts that “you can’t have half a
student.” But her partner challenges this:
Khadijah:

Don’t you just divide this?

Miss Murray: By what?
Natasha:

Three?

Khadijah:

Wait, I’m going to try dividing 37.5 by 3. For one student it would take…
12.5 seconds.

Satisfied with the unit rate of 12.5 seconds per student, Khadijah and Natasha work together to
find the start and end times for the name-calling of the ceremony. They realize because “we
know how long it took each name to be called” they can “figure out” the rest. This suggests that
they know how useful a unit rate can be as an explanatory model of a situation and see that it
generalizes across the entire scenario. In this way, they are coming to understand that models are
tools to explain mathematical phenomena.
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Presenting to the class—“I’ve got the process.” A few days later one girl from each
group is chosen (what the girls refer to as being “voluntold”) to present their models to the
group, so that we can verify them together. Each group has made a poster of their thinking and
these are displayed as they present. With Natasha absent, Khadijah is asked to represent her
group.
Khadijah:

So, I’m by myself?

Miss Imm:

Do you feel like you could represent what’s on the poster?

Khadijah:

I’m pretty sure I could do it…I’m pretty sure.

Then, tapping at the ratio table on her poster she notes, “I’ve probably forgotten one thing, but I
think I’ve got the process, so I should be fine.” That the model on her poster is a result of a
process is further evidence that modeling supported students like Khadijah to deepen her ideas
about rate. For example, when she first began modeling she, like her peers, over-relied on social
knowledge—satisfied by anything that “felt” or “seemed” reasonable and not interested in her
instincts with mathematics. In her presentation, however, social knowledge plays a different role
in her sense-making. Now, she uses it to bolster, not replace, mathematical claims. She trusts the
unit rate that she and Natasha have constructed on the ratio table using a splitting strategy. The
ratio table, introduced to her by a teacher, is now taken up by her as a way to reason about
equivalent rates.
As she presents to her classmates, she is eager to explain the ratio table. She draws upon
the term “split” but now uses it as a verb (e.g. “we split”) and associates it with halving (e.g.,
“we split 5 minutes in half”). She astutely notes that three dollars can be split in half, but three
people cannot. Finally, she shows the class that “we divide 37.5 seconds by 3 students and that
gave us 12.5 seconds.” She clarifies the meaning of this unit rate:
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Khadijah:

For one person that will be called it takes 12.5 seconds for that one person
to be called.

Miss Imm:

Is that reasonable?

Khadijah:

And…for them to walk across the stage.

Miss Imm:

So, is that believable?

Khadijah:

Yes!

Modeling, across these episodes, provided Khadijah a chance to build on emergent ideas about
rate in three significant ways. One, that the mathematics of the context made sense to her
allowed her to continually check her understanding against the “common sense” of the story.
Each time she expressed hesitancy about the mathematics she returned to the context to justify
her ideas. Two, because she was not problem solving independently, but modelling in a
partnership with Natasha, her thinking about rate was co-constructed. As shown previously,
sometimes her mathematics was challenged, while other times it was taken up by her partner.
Unlike much of the test-prep problem solving she has experienced, modeling was a much
longer endeavor in which her ideas ebbed and flowed between states of clarity and certainty,
confusion, uncertainty and revision. As co-teachers, our decision to avoid affirming students’
thinking as “correct” or “incorrect” forced Khadijah to construct and defend her ideas in this
partnership with Natasha. Three, because modeling is iterative and included a presentation to a
larger group of mathematicians, Khadijah’s ideas (and confidence about those ideas) deepened
over the modeling cycle. She had multiple chances, over a several days, to construct and
reconstruct ideas about rate, ratio and equivalence. In addition to the development of ideas about
rate, she is also coming to understand modeling as a process that results in a product (e.g.,
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model), as when she points to the ratio table in her poster and says, “I think I’ve got the process,
so I should be fine.”
Task 2: The Wave and Pass the Book
The Launch: Setting the Context. Our second modeling investigation begins with the
enacting of two related “experiments” in the hallway—The Wave and Pass the Book— designed
to give us two physical experiences to draw from and two sets of data to model. Noticing that
many of the girls seem to love baseball, and the Yankees in particular, I draw upon Yankee
Stadium as a context for modeling. I ask if the girls have ever been to a baseball stadium where
the crowd begins to do the wave. “Of course,” Keisha and others reply. Today, I explain, with a
much smaller group of people, we will replicate the wave (Figure 7).
Jaila:

In the hallway?!

Sam:

Whoa!

Jaila:

So, we’ll each have to take a chair out [to the hallway]

Since Jaila has already begun to organize us, I ask for volunteers to be camerawoman,
timekeeper, and data recorder. Sam agrees to be the timekeeper and checks to see if her cell
phone provides a stopwatch function with full and partial seconds. Khadijah agrees to record our
data, and we recruit a camerawoman from a neighboring class.
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Figure 7
Collecting data for The Wave (Photo by author)

The second experiment is less intriguing to the girls though they are open to enacting it.
We stand “fingertip to fingertip” in a long line passing a book from one hand to the other, with
the final person in line taking a short walk to a chair where she places the book in its final resting
spot, a chair about 10 feet away. (Figure 8). I wonder aloud how long this would take with five
girls, ten girls, the entire senior class, and then we proceed to the large open hallway to conduct
both experiments.
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Figure 8
Collecting data for Pass the Book (Photo by author)

When we return to the classroom, we have two sets of data (Figure 9). Using notes from
our data recorder I re-copy them on the board for us all to examine. As we retell the story of
what happened, I ask questions that link each girl’s physical memory with the phenomena more
broadly: “Who was the fifth girl in the line again? Keisha, did we start with you that time? Were
we going fast that time, do you remember?” My intention is that retelling will help with sensemaking and internalizing the experiences, so that the girls can draw upon their shared memory as
they model and “see” themselves within the data collected. Then we begin to notice, to wonder
and to problem pose about both situations: “What questions could we ask about The Wave and
Pass the Book?”
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Figure 9
Collected data from Task 2 (Photo by author)

The girls have fewer noticings and fewer questions this time and it requires more
prompting to get them to share. Eventually Keisha asks, “If the same five girls do the wave, why
are the last two times so different?” With some invitation, Khadijah adds a second question:
“This is pretty obvious, but…why…why are the wave times…why are they, I’m trying to find
the word…why are they smaller than the pass the book times?” Keisha asks if she means
“smaller” or “lower.” She agrees that lower is the right term. I wonder how many girls are in the
senior class, as a way to nudge their questions. No one is sure, but as the bell rings, we agree to
find out the following class period.
“Restroom equity” — A spontaneous context for reasoning about rate. When the
girls return the following class, I gather them for a brief meeting. We “recap” the data we have
collected and name some of the questions that the girls could model. I provide a map of Yankee
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Stadium, in hopes that the girls want to extend our data to the entire stadium. I also include a
chart of data that compares the “old” and “new” stadiums. We pause as I invite the girls to study
the data, while thinking about “noticings and wonderings.” They are surprised to see that the new
stadium is larger and yet has a smaller capacity, removing about 6000 seats while increasing
luxury suites from 19 to 56. Soon, the conversation shifts to a focus on the restrooms, which are
expressed as a ratio:
Jaila:

It says, “one per 89 fans” and now it is “one per 60.”

Sam:

It got smaller…[side talk among the girls]

Miss Imm:

Let’s go back to that restroom one. If it’s one per 89, what does that mean
exactly? [long pause] What do you think that might mean? One per eightynine…

Jaila relates the ratio to a fact from her Global Studies course that morning—in China, their
teacher tells them, “for every woman there is like 114 men.” She continues, “I don’t know how
to describe it. Like I know what it means, but I can’t explain it.” Keisha brings us back to the
stadium, “They would count off 89 seats in between and have another bathroom.” As she speaks
Keisha holds her hands up and apart, symbolizing the bathrooms with her hands and the 89 seats
in between, as if marking a physical model of the stadium (Figure 10). Not convinced that they
share Keisha’s view, I invite them to interpret, “So if there are now 60 fans per bathroom, is that
a good thing or a bad thing?” Jaila illustrates that this is a good thing, by taking up Keisha’s
gesture and modifying it (Figure 11)—bringing her hands closer together to show that in this
context 1:60 is preferred to 1:89. Her hands are not so far apart as Keisha’s were, meaning there
are more bathrooms available to the fans. Now, she is also able to explain the idea in words, “So
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instead of walking another 89 seats down [for the bathroom], now you are only walking 60, and
then another 60, there’s another bathroom.”
Figure 10
Keisha embodies the ratio of 1:89 (Photo by author)

Figure 11
Jaila takes up the gesture to model 1:60 (Photo by author)

Since she’s been rather quiet thus far, I invite Khadijah into the conversation. She
proceeds to share a totally different conception of the rate:
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Khadijah:

Since it’s one per…eighty-nine. So I’m thinking that for all those eight
nine people it’s like, one bathroom for each one of those eight nine people.
That’s how I’m thinking about it….

Sam nods in agreement, “Ohhh, I was thinking about that.” She later clarifies this idea, “I was
thinking like…eighty-nine bathrooms in one, you get it?” We come to understand that they both
are envisioning a very large restroom with eighty-nine stalls inside. The group suggests to them
that this isn’t realistic. Sam rescinds her idea, noting, “Yeah, yeah, but that’s too much.” Then
Khadijah theorizes that the eight-nine is the number of bathrooms across the entire stadium. The
group isn’t convinced of this either, though we have no clear data to prove or disprove her idea.
Miss Murray intervenes with a clarifying question, “It sounds like you are thinking it’s
one bathroom per person for 89 people. So, which 89 people is that?” There is a moment of quiet
and then murmuring about how “confusing” these rates are. I decide to pivot, hoping that if I
bring our conversation back to the girls’ immediate lives, we could continue to make sense of
rate and ratio, “What’s the ratio of people to bathrooms at your school?” This begins a long
explanation of how approximately 400 students now share two single stalls, typically waiting in
line to use the bathroom at all times of day. The girls explain how administrators denied
“bathroom privileges” after cleanliness and loitering issues arose. “So are your bathrooms more
crowded or less crowded than Yankee Stadium?” I wonder aloud. The girls declare their school
bathrooms to be significantly more crowded, but based on the experience of standing in line not
the mathematics of the ratios. When they remember that there are several locked bathrooms that
no one is allowed to use (e.g. three bathrooms with six stalls each) they grow even more
animated. “That would change the rate, if those opened up,” Jaila notes. I ask her to say more: “I
mean it would bring the rate down if we had more bathrooms per student.”
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One question that this episode raises is whether this conversation constitutes modeling, as
defined by the literature. As is evident, I take a wider and more expansive view of modeling
because I do not consider modeling tasks to be pure or bounded, and see value in the associated
activities that occur naturally between modeling tasks. This study is designed to incorporate both
model-eliciting and model-interpreting experiences. This conversation, then, in which the girls
are engaged in the issues of bathroom availability and equity, falls into the realm of modelinterpreting. Yet, even here, when a model is provided and we are making sense of what it
means, the girls re-”present” the model using gestures to embody and symbolize the model in
space.
A more relevant question is how this episode develops the girls’ ideas about rate and
ratio. The data from Yankee Stadium, combined with students’ school experiences, provide a
context for meaning-making. It is clear that the girls are interpreting rates differently. Keisha and
Jaila see the rates of 1:89 or 1:60 as units with which to measure across a larger population.
Their use of hand gestures to symbolize the spacing of bathrooms over the stadium underscores
this idea, as does Jaila’s idea of walking 60 seats “then another 60” to find the next bathroom.
This relates directly to Task 1 in which the girls conceived of a rate as an iterated unit that they
could use to partition a graduation program. Now, instead of partitioning a program into fiveminute portions, they are partitioning a stadium full of fans, assigning each group a bathroom
once they reach a full unit.
Meanwhile, Khadijah and Sam are negotiating the relationship between parts and wholes.
Their initial assessment of one bathroom with 89 stalls collapses under the scrutiny of their
peers, who draw upon the reality of stadium life. Khadijah takes up the idea of correspondence
(e.g., bathrooms and people) as being related to ratio—"one bathroom for each one of those eight
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nine people”—but fails to consider the stadium as a whole. At best, their ideas about rate and
ratio are emergent and in development. Seen in the entirety of the study as a whole, however, this
conversation allows all of the girls to make public ideas that will be tested, scrutinized, revised
and eventually made more clear to them as they encounter more opportunities to model.
Sam and Jaila (Group 1) build a model and extend it. Jaila decides for the group that
they will model Pass the Book. She asks repeatedly to go to the bathroom, but before she leaves
the room, I invite her to gather some data about school enrollment. She agrees to ask a woman
named Gloria, “When I go to the bathroom, I'll ask her, like, ‘Do you know how many freshmen
there are?’ I mean, she works with attendance, so she'd know.” Sam is now on her own:
Miss Imm:

So, Sam, what can we do while she's gone to get us started? Do you know
how to enter this in a calculator, make a picture of it?

Sam:

I'm sorry. No.

Miss Imm:

Or do you know how to make a graph of it?

Sam:

How would I make a graph?

Miss Imm:

Let's try to make a graph of just what we have so far, 'cause it'll give us a
picture of it.

Guided by my questioning, Sam notes that there are two quantities that are changing—number of
people and number of seconds. We note that the “highest” data point is 18 seconds and Sam
decides to partition the axis into half seconds. “Will you have enough room?” I wonder. “Let’s
see,” she enthusiastically replies. When she doesn’t have enough room, she re-draws the graph,
moving the seconds from the x-axis to the y-axis, where the paper is longer. She carefully marks
half-second intervals from 0 to 18 along the y-axis. I do not “fix” this mathematics, nor do I
worry about where the labels are being placed. Since my focus is her sense-making, and she has
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admitted that she doesn’t know how to make the graph as a model, I am hoping that the coconstruction of the graph will help her to make sense of rate.
With the axes labeled, Sam makes a point to represent one person’s data, who she
understands as “Miss Murray’s.” When we consider data for 5 students she is less sure how to
graph this. I offer a piece of advice to help her, “What if you have two pieces of data, and you
wanted to average them? Do you know how to do that? Let's learn how to do that. That's
helpful.” Sam has a memory of averaging test scores in school, so I build upon that experience:
Sam:

So then I would add these two, right?

Miss Imm:

Yeah, add those two, and then what will you divide by?

Sam:

Two.

With some averaged data calculated, Sam now has distinct points she can plot for 1 girl, 5 girls,
10 girls and 12 girls. She creates a graph (Figure 12) and is prepared to explain it to Jaila.
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Figure 12
Rosa’s graph of Pass the Book

In studying and working with Sam over a few weeks, I observe that she is often hesitant
and unsure of herself as a mathematician. She tends to defer to other girls or quickly rescind an
idea, once she states it publicly. So my goal was to help her to create a model of the situation that
she could make sense of, take up as her own, and potentially use in subsequent investigations.
The graph itself doesn’t provide the ideal model for a student whose ideas about rate are still
under construction. For example, the graph isn’t linear (though it is a piecewise graph full of
linear section), so instead of finding a single rate to describe the experience, she would likely
find several rates or average them. Additionally, Sam has reversed where the variables are placed
(e.g. time is typically placed along the x-axis to “tell the story” from left to right), making it
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counterintuitive to identify the “slow” or “fast” portions of the model. Because of this, the idea
of steepness being associated with a faster rate here falls apart. Her graph reads bottom to top, in
a way, totally unlike the graphs she has seen countless times in her algebra courses.
Despite these limitations, when Jaila returns, Sam is able to interpret many portions of the
graph. This is an indication that modeling is providing her the chance to translate a context she
understands to a model of that context. She knows “where” Miss Murray is in the graph (she
represents the first person who walked the book for 4.5 seconds). As we added more girls to the
experience—first 5 total, then 10—she explains why our times increased and also why she chose
to average the times we have. She also knows that if we were to make a prediction, from this
model, of how long it would take the entire freshman class to pass the book, that we could
“follow this line basically up.” Then I go further:
Miss Imm:

Okay, so, so far you – Sam, just say that one more time. Where's Miss
Murray?

Sam:

Right here.

Miss Imm:

Right there. And you said from here to here is her walking to the chair?

Sam:

Yes.

Miss Imm:

Why does it get all steep right here?

Sam:

Because she was walking straight.

Jaila disagrees with her, arguing that the “straightness” of her walk has nothing to do with the
shape of the graph, but rather that she was the only one walking. What took us a second or so to
do (e.g., passing the book from one hand to the other), took her much longer because she
“walked” the book. This emergent conversation about rate will deepen in the days ahead, so I let
this disagreement settle, so that we can build on it the following day.
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This episode, in isolation, makes it difficult to determine how, if at all, modeling
supported Sam to make sense of rate. With my guidance, she took the data from our Pass the
Book experiment and made a graph. “We constructed a graph,” was her description of our work
to Jaila. Her choice of the word “we” acknowledges my role, and perhaps her use of the
“constructed” suggests the building of something tangible or real, akin to a building or a
monument. Given her somewhat unstable and incomplete mathematical foundation, it is
significant that she could interpret the model she just built, explaining to her partner who and
what each portion of the piecewise graph represented. While at first the model was an abstraction
(e.g., “How would I make a graph?”), with a teacher’s support, it became a picture of a situation
that she, too, had experienced. This idea of translating a non-mathematical context into
mathematical terms, lies at the heart of modeling. “Lived experience” as defined by math
education researchers, often implies drawing upon students’ lives outside of school. Here, we see
how even a micro-experience within school, such as passing a book down a hallway of your
peers, combined with a teacher’s facilitation, could provide just enough access to make
modelling, and new mathematical ideas, available to Sam.
Keisha, Khadijah and Danya (Group 2) develop a new unit. Across the room, three
students have decided to predict how long it would take the upper “ring” of Yankee Stadium to
do the wave. First, they study a map of Yankee Stadium in an effort to determine the number of
fans sitting in the upper ring seats. They decide that the map I have provided (Figure 13) isn’t
detailed enough and ask if they can research other maps. Khadijah finds an image online of the
stadium, focuses the group on a section of the stadium where the seats are countable (Figure 14)
and then proposes a mathematical substitution. “These boxes up here [upper ring] are like 2 or 3
of these little boxes down here [near home plate],” she explains to the group. “So why don’t we
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just say that there are like…two and a half ‘mini-boxes’ for every box up top.” The studentgenerated term “mini-box”—12 rows of 8 seats across—is then taken up as a way to calculate
the number of people in each box of the upper ring. The mini-box becomes their new unit for
calculating.
Figure 13
Map of Yankee Stadium (Source: Sam.maps-bronx.com)

Figure 14
Khadijah develops the “mini-box” (Photo by author)
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The girls then do several calculations to determine the number of people in total sitting in
the upper ring of the stadium, eventually determining that 6384 people could sit in those upper
ring seats. They check this against what they know about the stadium’s capacity (almost 55,000
seats) and reason that it’s a decent estimate. Next, they return to our data, noting that it took 11
girls 5.38 seconds to do the wave in the hallway. Using calculators, they divide 6384 by 11,
multiply by 5.38 and then, realizing they are computing in seconds, divide by 60 to determine the
number of minutes. They are dismayed by the value they see—52 minutes, or almost an hour!
“There’s no way,” Keisha concludes. “I need some rest 'cause this gave me a headache,” notes
Khadijah. The bell rings and the girls leave for the day.
The following day, the girls rethink their model. They know it isn’t at all reasonable,
based on their own experiences at the stadium. Here social knowledge is reliable and
illuminating—suggesting to them that something in their model has gone astray. The issue,
which they are not yet attending to, is how the wave travels across groups of people. Their model
assumes that 6384 fans are standing in a single line—much like our hallway experiment—and
not in sections where multiple rows do the wave at the same time. In a way, they are attempting
to coordinate two experiences of how the wave works, and their modeling must now
acknowledge and resolve this critical difference. After the girls have some time on their own to
interrogate their model, Miss Murray enters their conversation:
Miss Murray: If we picture the wave going around, is it gonna be going down each row?
[pause] How’s it gonna go?
Danya:

No, it goes all together. It’s like all one box (see figure 15).

Danya’s insight helps them to reconsider their model, but they are still not sure which value to
use. I wonder if a sketch will help them, so I draw two versions of 96—one where the fans are
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standing in a long row and the other with 12 rows of 8 seats (e.g. mini-box). This allows
Khadijah to enter the conversation—“In this one [bottom image], they go all at once, but in this
one [top image] they go one by one. And that’s gonna take up time.” She re-explains this idea to
Danya as I walk away from their group [see figure 16]. With this distinction in hand, they
remove 6384 from their model and replace it with the number of people in the very last, or top,
row of the stadium.
Figure 15
Danya —“It goes all together” (Photo by author)

121

MODELING WHERE IT MATTERS
Figure 16
Khadijah explains two versions of 96 seats (Photo by author)

Danya draws upon her knowledge of rate and ratio to mathematize one of the upper ring
boxes. Her goal is to determine how long it takes this corner box to do the wave, so she writes 20
people = ? seconds. Next she draws upon the data she has, writing 11 people = 5.38. She doubles
the seconds by adding 5.38 and 5.38, resulting in 10.76 seconds, which she understands reflects
22 people. Not sure how to reconcile 22 people with 20 people, she attempts to “just take off 4
seconds.” She subtracts .04 from 10.76 and claims 10.72 seconds = 20 people. This confusion of
units (4 seconds versus 4/100 of a second) occurs throughout the teaching experiment, especially
when units of time are involved. Danya’s general strategy, however, suggests she is making use
of a rate she knows to be true and extending it across the stadium as a whole. With 10.72 seconds
as a significant value, the girls then multiply by 32, which they know to be the number of boxes
in the upper ring. Now, with 343.04 seconds, they convert to minutes, and are satisfied that 5
minutes and about 43 seconds is a much more reasonable estimate.
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This episode, in its entirety, provides a vivid example of how modeling created
opportunities for conceptual ideas about rate and ratio to develop. Three primary elements of the
modeling cycle played a critical role:
1. The importance of structuring a context or situation mathematically
2. Multiple chances to “express-test-revise” a mathematical model
3. The need to consider (and not dismiss) realistic considerations
Each is analyzed in the sections that follow.
The importance of structuring a context or situation mathematically. The girls’
invention of the “mini-box” grows out of the need to quantify and structure space that is given to
them without any numerical values. Rather than simply estimate or guess, as they did earlier in
the study, they decide to exchange one section of the stadium that has been quantified with
another that has not. Substituting one portion of the stadium for another—“two and a half of
these is like one of those”—is based on proportionality and equivalence. The development of the
mini-box grows out of the constraints that are built into the modeling process. The “seatless”
map of Yankee Stadium is deliberate; an image without quantities requires the students to
structure the space for themselves. Without some numerical values to work with, they cannot
possibly develop a model for the wave. The map provides enough detail to be used
mathematically (e.g. the number of sections in each deck), but not so much as to prevent the
students from having to reason about the quantities involved. When modeling, mathematicians
build in assumptions, justifying their model based on a series of constraints that they develop.
The mini-box is once such assumption.
Multiple chances to “express-test-revise” a mathematical model. Almost everything
about their initial model is reasonable and follows logic consistent with the context and the
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mathematics. Their strategy of scaling up the rate of 11 girls in 5.38 seconds to the 6384 people
makes sense. So, too, is their realization that seconds can be converted to minutes by dividing by
60. But when their model suggests a 53-minute wave, they are forced to rethink and revise. It is
important to note that the mathematical procedures employed were based on preliminary
reasoning and were sound. However, when their model encountered its first “test”—
reasonability within the context—it required revision. Keisha explained why this was the case,
“We compared it to like our own experience of being on, like being at games or watching games.
You're not gonna sit there for an hour waiting for a wave to come around to you.”
Here procedural knowledge of rates was insufficient in developing a model. This forced
the girls to return to each assumption they had made and interrogate them one by one: Were
there really 32 sections? Did they contain 2.5 mini-boxes? Was a mini-box of 12 rows of 8 seats,
or 96 seats, reasonable? Ultimately, it was a conceptual understanding that complicated their
model—the meaning of the 96 and not the 96 itself. Modeling required them to go beyond
procedures, so that the meaning of those procedures and the values that resulted made sense.
Each time they moved through a “express-test-revise” cycle, the girls drew upon proportional
reasoning strategies. What changed, over the course of several cycles, was their understanding of
the meaning of these rates, why scaling them up or down made sense, and why the resulting
values held true.
The need to consider (and not dismiss) realistic considerations. As discussed earlier,
within traditional problem solving—the kind that the girls have primarily experienced—it is
common for students to neglect realistic considerations and even to disregard experiential or
“common sense” knowledge. In fact, it is often advantageous to ignore the “real world” when
engaged in “school world” mathematics. Within modeling, however, students cannot ignore what
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they know to be true; the model must make sense in two ways: mathematically and in context.
Keisha, Khadijah and Danya’s model is based on solid strategies and sense-making, except for a
critical detail: the way the wave actually travels across people. Their ability to integrate this
detail into their existing model gives them a chance to solidify their ideas about rate. Instead of
throwing out their entire model, they keep the aspects of it that make sense and adjust only the
parts that require revision. I posit that this affords them the chance to decide, as a group, the
meaning of the rates and ratios involved.
Task 3: Cell Phone Battery Life
The Launch: Setting the Context. Like the other modeling investigations, the final
modelling task begins with a physical artifact: a set of six screenshots of an unknown user’s
iPhone. The girls join us in a circle so that we can begin to theorize about the phone and its user.
Each student is given a set of images purposefully re-arranged so that a different image appears
on the top. Without teacher prompting Khadijah notes that “that battery’s critical” and later
asserts that “that phone is…yeah, it’s about to die.” The girls whole-heartedly agree; their shared
fascination with the battery life of the phone naturally leads to a question about how fast or slow
the battery is dying. This sets up the class to develop both an explanatory (with the images) and a
predictive (beyond the images) model of the life of the battery, and therefore to reason about
rate.
With the images spread out on her desk, Danya’s instinct is to structure the data
chronologically (they are provided randomly). First, she wonders, “Is this in order or
something?” and when she learns they are not, she asks, “Can I organize it?” For Danya,
organizing entails sequencing so that “it shows it during like…the time.” She is both structuring
the situation mathematically, and making important mathematical decisions, often not up to
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students to decide. The phone images in order, and a healthy curiosity about the life of the
battery, the girls are divided into groups to investigate and model the situation more deeply.
The context of the task positioned the girls into a place of local authority. It was inspired
by repeatedly studying the girls enter the room during 8th period and immediately dash for the
electrical outlets. When a girl arrived late to class, the outlets would often be full, denying her
the chance to charge her phone before she left school. A battery with limited charge had real
ramifications for an adolescent girl, particularly when many commuted up to an hour each way
and had jobs, social lives and sibling duties beyond their lives in school. In addition to the
practice of 8th period phone charging, we learned that the girls were the exclusive iPhone users in
the room—neither of the teachers had iPhones. That students all owned iPhones and teachers did
not privileged their experiences as they modeled. Each of their claims could be bolstered by
examples from their own experiences, and this provided a heightened sense of expertise and
confidence as we entered into this final modeling experience.
Danya, Khadijah and Natasha begin to Build A Cell Phone Story. After significant
speculation about the owner of the iPhone—Why do they have 31,000 emails? Are they
important? Is it a “he”?—the group begins to pay greater attention to the artifacts and not their
mysterious owner. Natasha compares the range of battery life, “His highest, the one that we see,
is 32 at 5:52 pm and his lowest is what, 19?” Here, she is finding and comparing the highest and
lowest percentages of battery charge, without any consideration of the interval of time. The girls’
initial comparisons fall into a similar pattern of noticing: they note the change in battery from
one image to another, while situating this change within any changes to the apps on the phone.
They do this to tell the story of what the user might have been doing to cause the battery to fall
slowly or quickly. This exchange between Khadijah and Natasha illustrates the dynamic:
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Khadijah:

I’m going to start with the 24 to the 19 percent. That’s the same.
[pointing to the apps on the phone] That’s the same. Everything’s the
same, so he wasn’t doing anything on his phone.

Natasha:

Mm-hmm. Maybe he was listening to music or on the Internet.

Khadijah:

It seems like he could’ve been at a train station. He has no service. He
could have been in the train station.

The desire to situate the data in a believable narrative is an important idea behind modeling. This
interplay between the mathematics and the context is critical since they are identifying the
relevant non-mathematical concepts at play, and later, this may validate or challenge their model.
But modeling also requires students to identify the relevant variables within a context and make
sense of their mathematical relationship or association. This exchange, and many others,
illustrates how the girls attend to only one variable (battery charge), while paying little to no
attention to the other (elapsed time). It allows them to offer explanatory theories, to speculate,
and to make sense. But on its own, it will not lead to a robust mathematical model nor develop
their ideas about rate.
Recognizing this, we decide to build on their initial comparisons so that there is the
chance for the girls to develop and deepen their ideas about rate. With some focused questioning,
Miss Murray and I attempt to nudge the girls to take up both variables in the situation—the
change in battery charge and the change in time. A typical exchange unfolds:
Miss Imm:

So, when it went from 24 to 19 percent, how many percentage points did
he lose?

Natasha:

24 to 19? Five.

Miss Imm:

Five percent. And then how much time was that, from…
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Khadijah:

Two hours…it’s like two hours. Well, 5:51 to—so we know 6:00 to 7:00
is an hour…

What follows is a labored group attempt to find the elapsed time between 5:51 and 7:13 p.m.
Using landmark times—codified as the “o’clocks”— the girls partition the space between the
times into smaller pieces, as Khadijah begins to do in the exchange above. Now, with two
quantities established— five percent and 1 hour and 22 minutes— the girls seem poised to
associate them as a rate and use this idea throughout the context to model.
Yet, this is not exactly what happens. Instead the girls begin to record the intervals of
time and the associated change in battery charge, listing them first on notebook paper and
eventually on the board. The finding of elapsed time takes considerable effort and often all three
girls reasoning at once. Several times, as Danya is finding the hours and minutes between two
times she counts on her fingers, and not always successfully. I speculate that the girls have had
few opportunities to reason about elapsed time, and that the symbol of time (e.g., hours and
minutes separated by a colon) proves unfamiliar when calculating. In high school, numerical
calculations are almost always performed on a calculator, several girls revealed to me in
interviews throughout the study. When a calculator isn’t available, then paper and pencil
calculations replace them. With elapsed time, however, the girls were stymied in two ways: how
to enter start and stop times into a calculator and whether or not their other strategies for
computation could be used with these unfamiliar units and symbols.
Despite the initial uncertainty about elapsed time, the girls are eventually able to
determine the elapsed time between each of the successive iPhone images. Working collectively,
as modeling required them to do, supported them to verify and validate these calculations as they
were constructed. Next, the girls moved their modeling in a different direction. They abandoned
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the question of when the battery might die—a predictive model or models—and took up the
question of what activities the user might have been doing during each interval. Each girl in the
group developed several theories to explain why the user’s battery was dropping so quickly or
slowly over a particular interval (Table 3)
Table 3
Emergent theories about causes of battery decline
Natasha:

He was on 24 at 5:51 pm. At 7:13 pm he was on 19 percent. That means he was
not on his phone, ‘cause if I was on my phone it would’ve died already.

Khadijah:

‘Cause he like might listen to music on the train while he going to work or while
he driving, but I don’t think he need his phone if he has a radio—let’s say train. If
you’re taking the train, he had headphones on, listening to music. Your phone dies
while you’re listening to music, too. It don’t just sit there. It dies as well. So then if
you’ve got the brightness on, too, it dies. That’s the battery.

Danya:

Yeah, like he’s not on his phone if it only went down five percent for an hour and
22 minutes. He’s probably not on his—for 31 minutes for it to go down 2 percent,
he’s not on his phone. He’s not on his phone!

Jaila:

I know he was definitely using it, ‘cause if I’m in the salon and let’s say I have 28
percent, that 28 percent is the shortest percent in my life.

These utterances, taken together, reflect a confidence and certainty among the girls, not seen as
fully in previous investigations. Natasha’s use of the interpretive phrase “that means” shows her
moving out of wondering about an idea towards being certain of its meaning. Khadijah uses the
phrase “your phone dies” when she is likely speaking only of her own experiences, but here she
generalizes to any iPhone. Jaila’s use the word “definitely” to describe how she knows the
iPhone user must be using his phone. Finally, Danya moves from tentative (e.g., “probably not”)
to certainty (e.g., “not on his phone”) as she thinks aloud about the intervals before her. The local
knowledge that the girls bring to this context, I believe, allow the girls to feel more certain of
their interpretations in this modeling task.
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Despite these important realizations, the girls’ conversations still are missing
mathematical specificity about rate, and the emergence of a mathematical model. An example is
when Natasha compares two rates without calculating or finding a unit rate:
Natasha:

I was saying—because from 4:52 to 5:06 it’s only 14 minutes and his
phone went down four percent. So I say he was on his phone, ‘cause from
5:51 to 7:13 his phone only went down five percent and that’s a longer,
like, time distance there. You know what I’m trying to say? Yeah.

This could be taken as a critique of the task itself—the girls’ informal models allowed them to
compare without precise calculations. Framing this moment as an invitation and not a limitation,
we use it as an invitation to model: “I know you were noticing it, but we want you to get it on
paper so that you can actually start to make predictions from it…so you can see it and see
patterns. If you put it down, you guys will actually be able to predict and answer the question.”
(Miss Murray). As teachers, we are nudging the modeling process from an informal conversation
towards a model. That is, out of speculating and towards proving and justifying using a model.
The next day Danya and Khadijah decide to make a graph of the data, with time along the
x-axis and percent battery charge along the y-axis. There is considerable conversation about how
to scale the x-axis, given the “messy” times provided in the data. One option is to graph a “day”
in the life of the iPhone user from 7:00 a.m. to midnight. Another option is to focus on the
interval between 4:52 and 7:13 p.m. where they have data. The girls reach a compromise,
starting their scale at 4:00 p.m. and going by 30-minute interval until midnight. The girls plot the
six data points they have available, connect the points and conclude their work for the day.
While their graph is a model, and could allow them to reason about rate, it doesn’t
respond directly to the question of battery life. It explains rather than predicts. Given this, as we
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have done throughout the study, we offer a question, intended to invite the girls to extend their
model:
Miss Murray: Can I ask you this question? Which interval is he getting like the best —
like his battery is like holding out the longest, I guess? And which—like
which interval is he losing the most battery life?
After the slowest and fastest intervals are identified by Danya and verified by the group, there
are some follow-up questions:
Miss Murray: Okay…so, can you use the numbers from say here where he’s losing it the
fastest to make a prediction for when his phone will run out? If he’s on his
phone and using up all the battery…as fast as he can?
For Danya there is new clarity. “Oh, I know what she’s talking about now,” she says as she
erases a section of the board. “We can use this. [pointing to her earlier table of intervals]. This is
giving me an idea.” She proceeds to develop two models—a battery dying quickly and one dying
slowly. She uses the rates of the slowest and fastest intervals to extend the data: “Seven minutes,
so every minute it goes down three percent.” She continues to iterate—subtracting first minutes
and then battery charge—until she gets to a battery charge that is low enough to be non-usable
(Figure 17). She explains, “It never really hits zero for it to just shut off. It just shuts off.” In
doing so, Danya illustrates what modelers do—make critical limiting assumptions about their
model, based on their knowledge of the context. With the two “shut-off” times calculated, Danya
extends the group’s graph by adding two “shut-off” moments then extends a straight line from
the existing graph to those new moments in the story (Figure 18). Together the girls have
developed two predictive models that they name and label “fastest” and “slowest.”
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Figure 17
Danya extends the model of battery life (Photo by author)

Figure 18
Two possibilities for battery life (Photo by author)

One explicit goal of modeling is to provide the chance to wrestle with conceptual ideas
within a context that makes sense. This final investigation offered the students a chance to
organize, construct, adapt, refine, critique and revise their ideas about rate. Recall that the girls
have largely experienced a test-taking approach to mathematics where procedural knowledge is
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the gold standard. The study shows how this approach can leave students with conceptual gaps
and an uncertainty about how to proceed, particularly with non-routine problems or when a
teacher demonstrating a procedure first. Modeling provides them something quite different—an
environment in which to trust one’s instincts, personal experiences and common sense, while
linking them to mathematical claims, even if the claims are tentative at first. Nowhere was this
more evident than in this final investigation, which privileged the girls’ personal experiences as
iPhone users while pushing them to develop mathematical claims consistent with their own
beliefs. It required teacher guidance, at times, to remind the class of the question at hand and the
need for a mathematical model. Ultimately, however, the girls were able to develop two
powerful and verifiable models on their own, using their understanding of slowness and fastness
as rate.
The central question—“How fast was the battery dying?”—was fundamentally about
rate, though Miss Murray and I were careful not to name it as such or suggest a specific strategy.
The “residue” of previous modeling experiences seemed to be evident in this final task,
particularly in the work that the girls initiated on their own. For example, the way they reorganized the data chronologically to tell a story, noted the two variables in the context, made
use of the intervals provided, calculated with the knowledge that others would verify their
precision and continued to defend their ideas against an imaginary skeptic. I argue that at this
point in the study, the girls understood the modeling process in its entirety—specifically the idea
that they would present their ideas to their class for verification, which helped them to have a
purpose for documenting and justifying their claims.
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Finding 2
In this study, modeling plays a central role and is the organizing feature of the teaching
experiment. In my original design, and consistent with the literature (Lesh et al., 2003), I
generally defined modeling to mean model-eliciting—investigations where students developed a
model themselves. But the literature also notes the benefit of a sequence of instructional
activities that includes tasks related to modelling, but not model-eliciting per se (Lesh, Cramer,
Doerr, Post & Zawojewski, 2003). I prepared several of these tasks—tangential to modeling but
not model-eliciting—and planned to use them if I saw fit. For example, I hoped to use some
technology in the study, so I acquired several motion detectors, a mathematical tool designed to
generate real-time graphs based on a person’s motion in front of a small data collection device.
After Task 2 when I noticed the girls’ interest in the modeling process seemed to wane, I shifted
the overall sequence to include the motion detector. Their task—after significant open-ended
exploration—was to design an illustrated and annotated user’s guide for 8th grade students who
were unfamiliar with the technology. In their guide, they were invited to describe the key
findings and help new users understand the relationship between movement (including direction
and speed) and the graph that is produced.
Both during data collection and through my analysis, I came to understand that the
motion detector work enhanced the girls’ overall concept development in a variety of ways. I
began to consider the motion detector exploration a model-interpreting activity. Further, it
became clearer that it provided a new vehicle for students to construct some of the ideas already
in development from the model-eliciting tasks. Given this, my analysis both responded to, and
expanded, my research question: I became interested in how model-interpreting tasks might
enhance existing model-eliciting activities, providing a more robust way for students to make
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sense of rate, ratio and function. More specifically, I wanted to understand how some of the key
ideas of function might become realized or more integrated for the girls as a result of the
interplay between model-eliciting and model-interpreting tasks.
I posit that an important dynamic may be at work in which the students develop
mathematics from a context (model-eliciting) as well as interpret the context from the model
(model-interpreting). To understand the potential of this dynamic, I traced the development of
mathematical ideas across the entire study, as I described earlier. Specifically, I chose one
student, Khadijah, who participated in the entire study and whose ideas about rate of change,
linearity, slope and Sam-intercept developed over time. I drew upon data from three modeleliciting tasks, one model-interpreting task, and pre and post interviews to map her strategies and
ideas over time, and to elucidate this emergent theory.
Pre-Interview with Khadijah: “Walking uphill most likely”
Recall that the study is bounded by two lengthy interviews with each of the girls. The
pre-interview occurred at the beginning of the study, prior to any modeling in the classroom. It
was intended to provide an initial “snapshot” of each student’s ideas, related to rate,
proportionality and function. The pre-interview contained five short model-interpreting tasks,
and was intended to feel like an informal conversation, deliberately moving away from any
associations with formal paper-and-pencil metrics. The first task begins with a graph of two
characters Juan and Antonio (Figure 19) that Khadijah is asked to explore, study and interpret.
She believes that Antonio was “walking somewhere” for five minutes, and then “he made a stop”
for three minutes, perhaps at a store. Pointing to the non-horizontal portions of the graph, she
adds that he was “walking uphill most likely.” I ask, “What makes you think it was uphill?” In
her response—"because the line is going up”— she conflates the physical characteristics of the
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graph with an imagined physical context, a misconception consistent with the literature (Carlson,
2005). Since she has not mentioned rate, I then ask about that:
Miss Imm:

How long was he walking?

Khadijah:

12 minutes. 15 minutes. That’s what it looks like. 15 minutes. Yeah.

Miss Imm:

And how far did he go?

Khadijah:

Four miles away from home. We can say this is home.

Miss Imm:

Four miles in 15 minutes. Let’s think. Can you walk 4 miles in 15
minutes?

Khadijah:

Probably, I don’t know. I don’t…I probably walk 4 miles and don’t even
know the…minutes.

Figure 19
Juan and Antonio Graph (Pre-Interview)

Here, some social knowledge might have helped Khadijah reason about whether humans can
walk 4 miles in 15 minutes, but she admits that she doesn’t possess it. Since she doesn’t have a
“walking rate” benchmark she also doesn’t scale the rate up to one hour or down to one mile.
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Next, she interprets Juan’s graph by correctly noting that, unlike Antonio, there were no stops.
She describes the line as “shooting up straight, so steep,” which could mean “running or
walking,” but eventually argues for walking because “I don’t think he would run up a steep hill.”
This provides more evidence of her confusing the physical characteristics of the graph with the
context, and inserting social knowledge where it is not entirely reliable. She does offer, however,
that Juan walks or runs 4 miles in 13 minutes, though doesn’t use this rate in any significant way.
I propose that we consider the graph a race and then ask Khadijah to determine who won.
She declares that Antonio wins “because he went the farthest.” But she then quickly rescinds this
idea: “Well, not the farthest. Oh! Well, because, oh, never mind. I think Juan, because he took
less minutes. He took less minutes to get four miles away.” Once she is certain of this idea, I
wonder aloud whether Juan and Antonio started at the same time. Khadijah believes they did,
pointing to their shared Sam-intercept as justification, and now begins to theorize that Antonio’s
break at the five-minute mark made him “take longer” in the race. Despite her earlier conflation
of a steep line on a graph with a steep hill in the context, Khadijah is using some of the key
features of the graph to reason about its meaning. For example, her use of the shared Samintercept to determine Juan and Antonio began at the same time. Or her revision of the idea that
the person who “wins” a race doesn’t go farther, but completes the same distance in less time.
Khadijah doesn’t use the words “rate” or “speed” here, but her association of time and distance
suggests at least an emergent understanding that speed is an associated ratio of distance and time.
In the second task Khadijah is asked to calculate how much George, a math tutor, will
charge for a three-hour session, including a one-time $6 transportation fee. She initially
multiplies the hourly rate ($15.50) by three, arriving at $46.50 and then adds the fee three times
($6 + $6 + $6). We talk about the meaning of the fee and she eventually revises her thinking to
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add the fee only once. Khadijah uses her fingers to count on from 46.50: “47, 48, 49, 50, 51, 52.
So then that would be $52.50.” She is confident that the entire tutoring session would generate
$52.50 for George. Her initial miscalculation—adding the fee three times—suggests that the
context wasn’t clear to her, or perhaps wasn’t relatable. Once that part of the story was clarified,
she adjusted her strategy accordingly. I interpret her finger-counting as a always-reliable strategy
that she and other students use throughout the study, especially when they have become
accustomed to calculator use, and one is not available.
Next, Khadijah is asked to consider a task that is mathematically identical to George’s
tutoring but “dressed” in a different context. Both tasks have a starting value, or Sam-intercept,
of 6 and a rate of change of 15.5 and fit the equation Y = 15.5x + 6. Instead of tutoring, now
Khadijah mathematizes a plant growing in a scientist’s laboratory over 6 days. She thinks to
multiply the daily growth (15.5 cm) by the number of days in the experiment (6) and arrives at
93 cm. Then she pauses to consider the original height of the plant (6 cm). I interject with a
question:
Miss Imm:

Does that include the original 6? Or do you need to add that back in?

Khadijah:

That’s my question. [pause] What if we like, added another six in there
instead of multiplying another six. We could try…this is like money…94,
95, 96, 97, 98, 99.

Seeing an opportunity to probe deeper and give her the chance to model the situation, I give
Khadijah a blank piece of paper with “days” along the x-axis and “centimeters” along the y-axis,
asking her to first imagine, then sketch, a graph of this plant’s growth. As she draws the graph
she captures the Sam-intercept—“it doesn’t start at zero, it starts at six”—and also explains that
it “goes 15.5.” I encourage her to capture the shape of the graph but not all of the details,
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especially since she is not using graph paper. As she draws—a straight line—she admits her
uncertainty about its shape:
Miss Imm:

So, what you just said was, “I don’t know if it’s going to be straight or
curvy” and the line you just drew was straight. So, what makes you say,
“Yeah, it’s probably straight”?

Khadijah:

Because curvy, I don’t know why it would be curvy. Like if it was curvy,
can I see it, your pencil [motioning towards my pencil]? To make a
different path. So curvy would be like [draws in curved graph], I don’t
really know what this is—if it’s just straight, so it’s just another 15,
another 15, another 15.

The way that Khadijah repeats “another 15” (which I take to mean 15.5 additional centimeters of
plant growth) suggests that she has an emergent association between repeated addition, steady
rates, and linearity. Her gestures in this moment bolster this claim: each time she utters “another
15” she slides her pen the same distance up the graph, providing more evidence of her
understanding of these ideas.
With the sketch of the graph established, I ask Khadijah to consider the last two tasks
together: “How are they similar? How are they different?” Khadijah initially sees no similarities
between them, in part because she is focused primarily on the differences in the context and,
more specifically, the variables:
Khadijah:

To me there’s nothing the same. This one says “days,” this one says
“hours.” This is a—it’s calculating how tall the plant is, this is calculating
in how much he will be charged.
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That she attends to the surface features of the tasks to compare them may mean she is not used to
attending to mathematical structure, which tends to live “beneath” the context and in the
mathematical relationships. When I ask about her strategy—these “calculations” that she
mentions—she acknowledges a similarity between the idea of multiplying first, then adding six,
but she doesn’t notice the rate of 15.5 is the same. This suggests that Khadijah isn’t seeing the
structural similarities between the tasks, both designed to represent the function Y= 15.5x + 6.
Despite this, when I ask what the graph of George the math tutor would look like she returns to
an earlier idea:
Khadijah:

It would be straight.

Miss Imm:

Why?

Khadijah:

Because it’s just straight hours. It’s just—it just continues to go up.

Miss Imm:

What does that mean in the story, “it continues to go up?” What’s going
on in this one?

Khadijah then explains that George gets paid $15.50 for one hour, then the same for the next
hour. Like her description of the growing plant, she sees this as “adding on another 15 plus 50
cents.” This provides additional evidence of her association between repeated addition, rate and
linearity, even though she doesn’t use formal terms to describe her understanding.
Lastly, I ask Khadijah to study Dr. Harris’ schedule (Figure 20) and ask how fast or slow
the doctor is likely seeing patients. She uses a guess-and-check strategy, assigning each patient a
five-minute appointment and the doctor an earlier break at 9:40. When I ask how she might
adjust the appointment length so that the break begins at 10:05, as indicated in the context, she
tries ten-minute appointments. Realizing now that Dr. Harris will “pass his break, he will have to
keep going,” she concludes that “they’re probably between five and ten minutes.” At my

140

MODELING WHERE IT MATTERS
invitation, Khadijah counts the 14 patients and the elapsed time of one hour and 40 minutes.
However, given that she has already constructed an estimate, she doesn’t associate the quantities
as a rate to find the exact length of each appointment.
Figure 20
Dr. Harris’s Schedule (Pre-Interview)

With the pre-interview complete, I begin to design a concept map for each of the girls. It
remained true that an over-reliance on procedural knowledge—often the central focus of a testtaking curriculum—often leaves students like Khadijah with gaps in conceptual knowledge and
hesitancy about how to proceed in unfamiliar contexts (Dubinsky & Wilson, 2013). While she
did exhibit both hesitancy and noticeable conceptual gaps, for the purpose of analysis, I wanted
to maintain an asset-based view of each of the participants, “building up” from what concepts
were stable for her. Therefore, I gathered evidence of what Khadijah did understand in terms of
strategies, models and ideas. By analyzing these maps over time, I was positioned to better
understand how the collection of tasks may have worked together to have supported her to
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deepen and develop her ideas. After this pre-interview, Khadijah’s map included several key
ideas, which were highlighted (see Appendix G).
Model-eliciting: Scaling down and scaling up
Recall that in Task 1, the graduation task, Khadijah and her partner Natasha use the
graduation program to “chunk” the names into sections that are 24 names in 5 minutes. My
decision to represent Natasha’s idea in the form of a ratio table was described earlier. Here it is
important to situate this teacher interaction in the development of Khadijah’s mathematical ideas.
For Khadijah, the invitation to use the ratio table—as a model for thinking about proportional
contexts—proved to be important. With her partner, she successfully used the table to scale the
24 names: 5 minutes rate to a unit rate of 1 name: 12.5 seconds. She later presented her model
confidently to the rest of the class, providing more evidence of her understanding of what scaling
down meant, mathematically and within the context of the graduation program. While she
doesn’t employ the words “proportional” or “scaling” to describe the relationships embedded in
the table, she and Natasha are reasoning proportionally to scale the rate down to a unit rate.
In Task 2, Khadijah works with Danya and Keisha, contributing to the collective sensemaking and modeling of the Wave at Yankee Stadium. She makes two noteworthy mathematical
contributions of her own. The first is her invention of the “mini-box,” an imagined unit of
measure designed to approximate the number of rows and seats in any section of the stadium.
Khadijah uses the mini-box to calculate the seats in the entire upper ring, replacing each section
with 2 mini-boxes and the slightly larger corner sections with 2.5 mini-boxes. Structuring the
unmarked sections of the stadium and making these exchanges rests on her instinct to scale up.
Her second contribution comes in the form of a conversion from seconds to minutes. Khadijah
leads the efforts to convert the estimated 343 seconds into minutes and seconds, using her
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knowledge of the rate 60 seconds to 1 minute. Here she removes 60 second sections from the
343, testing various multiples of 60 until she can rename it as 5 minutes and 43 seconds.
Neither of these contributions reveal Khadijah drawing upon graphs, tables or equations,
yet she is reasoning about rates in both cases, trusting that they behave proportionally. Her
scaling up of the mini-box and her partitioning the seconds into minute sections take several
steps, and in this way, could be considered inefficient. But efficiency has not been an explicit
goal of the girls’ modeling, whereas the ability to explain one’s model to others has been
continuously emphasized as important which she has been able to do.
Model-interpreting: “Dijah’s Waves,” “Our U” and “Match the Graph”
After Tasks 1 and 2, Khadijah joins Danya to explore the motion detector and develop a
guide for new users. Over several class periods they perform a variety of open-ended trials, such
as making certain types of lines (e.g., horizontal, vertical, diagonal) and recognizable patterns
(e.g., letters of the alphabet, shapes). They largely operate in the space of “trial and error,” giving
each other feedback about how to make certain graphs in front of the device. Three key episodes
emerge in which Khadijah’s reasoning about rate begins to connect to her ideas about
“steepness” and slope. In the section that follows, I will show how the model-interpreting
activities of the motion detector serve to unify several disparate ideas together, forcing Khadijah
to reconcile them mathematically.
With Danya at the laptop, managing the data collection, Khadijah takes several turns in
front of the device, creating a variety of graphs. She creates an undulating graph of small
“waves” by standing still and swiveling her hips back and forth, like a dance. Up until this point,
none of the graphs they have created are named nor saved, but both girls are pleased with this
graph so Danya names it “Dijah’s Waves” (Figures 21 and 22). Khadijah notes that “it’s about
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just going back and forth in the same way.” Here, she begins to make sense of how her position
relative to the device (not her height or elevation) creates “up and down” waves. While it doesn’t
confirm that her thinking has shifted, it may cause her to rethink her belief that increasing graphs
were the result of “walking uphill.” The motion detector is providing a clear counterexample to
her previously held association of steep physical terrain and steepness.
Figure 21
Beginning “Dijah’s Waves” graph (Photo by author)
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Figure 22
Completing “Dijah’s Waves” graph (Photo by author)

Later, the girls are encouraged to test the letters of the alphabet to determine which letters
are “possible” on the motion detector. They confirm the letters M, V and SAM. They try several
times to make the letter X, and even try B, which Khadijah asserts will be “pretty hard to do.”
Then they try the letter U. Khadijah walks the graph as Danya controls the data collection. The
graph that results looks more like a V (Figure 23) and they are quick to deem the U as “not
possible.” Studying their interactions from across the room, I ask them to reconsider this claim:
Danya:

Okay, we can’t make a U. So, U is out.

Miss Imm:

So, wait. U doesn’t work?

Khadijah:

No, I’m trying to make it steeper, but U’s not gonna, not gonna…

Miss Imm:

But, could you make…Do you see how this looks like a
point? Could you get this part like curvy and flatter?

Danya:

Yeah, we tried that.
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Figure 23
First attempt at U graph (Photo by author)

At this point the girls are trying to reconcile several mathematical ideas at once: the rate of their
walking, their position relative to the motion detector and the ideas of “steep” and “flat” lines
that result. Khadijah is concerned on the sides of the U which aren’t steep enough (Figure 24),
while I’m wondering about the bottom of the U which comes to a point. They try two more times
to create a U-shaped graph with Danya directing Khadijah to “stay, stay, stay, stay” once she
gets close to the motion detector. Now they have a graph with a flatter bottom but are not
satisfied with the sides. Khadijah explains that “it still needs to be more...steeper. It needs to be
more…” [places arms on the graph vertically]. They complete one final trial, with Danya
directing Khadijah, “Go down, from there, when I start it. Run to it! Go, go, go!” This results in
a graph that looks most U-like and they are satisfied, naming it “Our U” (Figure 25) We briefly
discuss what changed:
Khadijah:

‘Cause it’s more…narrow.

Miss Imm:

And what did you do to make it steep like that?

Danya:

We ran towards it. We ran towards the detector….and….we waited a
couple of seconds and we moved back faster. So it’s like a fast-paced…
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There’s no clear indication that Khadijah shares Danya’s association of speed with steepness,
and in fact she is dutifully agreeing to her partner’s directions. However, it seems reasonable that
she is beginning to consider the relationship between her walking speed and these “steep” or
“narrow” graphs.
Figure 24
Khadijah shows how the U needs to be steeper (Photo by author)

Figure 25
“Our U” — final graph (Photo by author)

The final episode appears to help Khadijah solidify some of her thinking as she attempts
to mirror a graph that we have provided for her—what we call “graph matching.” Before she
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attempts the graph, she takes two short trials, each time adjusting her distance from the motion
detector so that she can be as close to the Sam-intercept as possible (Figure 26). It is clear from
these short trials that Khadijah understands that in this context, the Sam-intercept represents the
distance from the motion detector. Her physical repositioning highlights what she knows:
moving closer to the detector “lowers” this point while moving farther away “raises” it. Once she
is satisfied that she is “close enough,” Danya starts the device. The graph that results captures the
essential features in terms of starting value, directionality and slope. While it is only one graph
that she constructs, it is significant for Khadijah because it is a) constructed entirely without
prompting or support from others b) not a simple graph c) contains three different rates and
requires her to change directions. There is no abundant evidence (yet) that she knows the formal
mathematical names for these features or can articulate them clearly in a concise way, but her
ability to mirror the features on her first attempt minimally suggests that the conceptual ideas are
developing.
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Figure 26
Khadijah’s Match Graph (Photo by author)

Model-eliciting: “When math comes, it’s a lot of thinking”
For Task 3, the final investigation in the study, Khadijah, Natasha and Danya are grouped
together to develop a predictive model for a mystery cell phone user, whose battery appears to be
dying. Khadijah is the first to suggest using the screenshot images to create intervals. Using the
screenshot at 24% and the screenshot at 19%, she notes a 5% drop in battery. She also helps the
groups to calculate the elapsed time (from 5:51 to 7:13) as 1 hour and 22 minutes, using
benchmarks like 6:00 and 7:00. Like her peers, Khadijah is most interested in determining the
activities or behaviors of the cell phone user that might cause his battery to decline quickly or
slowly. Like them, it takes a few gentle reminders to move her beyond speculating and
storytelling, towards mathematizing.
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But when she does, she begins a graph—the first time a graph has been initiated by a
student as a model so far. Khadijah makes an initial sketch on the board and determines the
appropriate variables in the context (time and battery charge). She spends time carefully
considering how to scale the axes to best represent the data. She wonders, for example, whether
the graph should begin at the beginning of the day (7 a.m.) or near the beginning of the data (4
p.m.). After deciding that the graph would be “too long” starting in the morning, she starts the
graph at 4 p.m. and marks each hour and half-hour. She also thinks about how to scale the
battery, eventually deciding that it isn’t necessary to start at 100% (a fully charged battery)
because the data doesn’t indicate this.
With the axes in place, Khadijah passes off the work of plotting points to Danya and asks
if she could keep track of what the group knows “for sure” and what they “think” they know. She
returns to her partner to help her craft two extensions of the graph of the data—one to predict a
quickly-dying battery and the other to predict a slow-dying battery. Their use of the words
“steep” and “flat” is resonant of their work with the motion detector.
Post-Interview: “That’s just how I see it. That’s how I feel.”
During the final interview Khadijah works through five tasks, all designed to evoke
thinking directly related to the mathematics of the study. In her first task (see Appendix)—
images of a laptop battery decreasing over time—she quickly notes the similarities between it
and Task 3 (cell phone battery). I invite her to find the interval where the battery is decreasing
the fastest and she selects two intervals: between 2:24 and 6:03 and between 10:01 and 10:45,
believing they are “kind of even.” When I push for precision—which one was really the
fastest—she mentally calculates the change in battery and the change in time. She reasons that 40
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percent over 4 hours and 27 minutes is much slower than 30 percent over almost 45 minutes
using ideas like “four time is a long time” and “this went faster.”
In the second task she explores a crate that is first empty and then filled with melons. She
is initially unsure where to place the variables, and decides eventually that “number of melons”
fits on the x-axis while “number of pounds” belongs on the y-axis. I inquire why she believe this:
Khadijah:

I feel like it should go there for some reason. It’s just like, what you’re
trying to get to…cause what you’re trying to get would go here [pointing
to the y-axis]. It’s like saying this is days of the week would go here
[pointing to x axis] and then, number of hours spent running would go
here [pointing to Sam axis], you know?

Khadijah doesn’t mention independent or dependent variables, but the idea of “what you are
trying to get” suggests an informal understanding of function where one variable generates the
other, as in an input-output relationship. Here, she also provides more evidence of thinking
structurally across problems, inventing a situation about running to use as an analogous context
to the one we are discussing.
When Khadijah begins to represent the data on the graph, she scales both the x-axis and
y-axis also by ones. She plots a few points and then realizes she doesn’t have enough room. “Do
you have a new one of this?” she asks, hoping for some blank graph paper. I provide a second
graph for her to use, this time observing her scale the y-axis by fives to accommodate the data.
The y-axis begins at zero, but the x-axis is shifted to the right, making her entire graph
horizontally shifted by one. I wonder if it would make sense to connect the two points:
Miss Imm:

And would it make sense to draw a line through these, or just leave ‘em as
points?
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Khadijah:

We could, though, draw a line through it.

Miss Imm:

Would that make sense? What’s on that line? What are the points on that
line? What do they represent?

Khadijah:

The—how much the melons weigh.

I notice a point at (4, 20) and ask her it’s meaning. She is clear that it means 4 melons would
weigh 20 pounds and thinks this is reasonable. Khadijah takes up my suggestion and looks for
other combinations. Though it is not quite a point on her graph, she re-draws the graph so that 8
melons weigh 30 pounds. She then records all of the combinations she trusts, using an equal sign
between the quantities (Figure 27). Throughout the study, Khadijah does not tend to initiate the
use of a table—it is not her “go-to” model—but this association between melons and pounds is
an emergent table for her that captures the relationships that she trusts. Because her graph is
shifted horizontally—the axes do not begin at (0,0)—neither (4,20) nor (8, 30) should appear.
She also doesn’t have an equation (Y = 3x + 5) to test new values, so she over-relies on an
imprecise graph, getting it to “fit” the data.
Figure 27
Generating new combinations (Khadijah)

Next, Khadijah has a savings plan task that is identical in structure to the melons task, she
is given the starting value (0, 5) and an additional value (10, 35) where the variables are days and
total dollars saved. She quickly notes their relatedness:
Khadijah:

It’s similar to this one [pointing to melons task]

Miss Imm:

How is it similar?
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Khadijah:

Because it’s like saying “empty,” before he started. It was basically empty.
He already has $5.00. Then 10 days—you have 10 melons. Weighs 35—
they’re trying to get $35.00. So that’s where they like [tapping fingertips
together]…

Wondering if she is attending only to the values and not the underlying linear relationship, I ask
how the graph might look.
Khadijah:

Kind of similar to it, you can say, probably, but it looks…

Miss Imm:

Would anything be different?

Khadijah:

Umm…The fact that—I don’t really know. I would have to figure that out
to see. It would be—but I don’t actually know.

That Khadijah needs to construct the graph in order to be sure of its relationship to the previous
problems suggests that she is not yet convinced of the underlying structure. After she completes
the second graph she becomes convinced of the problems’ similarity, and uses the point (8, 30)
from the previous problem to verify this new graph. This graph is constructed in an identical
fashion—with a horizontal shift— except that her second graph is linear.
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Figure 28
Crates of Melons graph (Khadijah)
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Figure 29
Rodney’s Saving graph (Khadijah)

Khadijah next is asked to interpret two motion detector graphs of her teachers, Miss
Murray and Miss Imm. She identifies all of the key features of Miss Murray’s graph including
direction, speed and distance from the motion detector. She does the same with Miss Imm’s
graph, but mis-measures whenever the graph includes half-second intervals (e.g. confuses 1.5
seconds for 2.5 seconds). Passing her a pencil I ask her to circle the place on each graph where
the teacher was “going the fastest, either forward or backward” and determine who—Miss
Murray or Miss Imm—had the faster speed. Khadijah is focused on comparing the direction of
the walking and number of stops. She spends a few minutes retelling the story of each of our
walks. Then, she notices that we each have “five things” meaning five discrete sections where
our rate stays the same. This leads Khadijah to transpose one graph onto the other (Figure 30), to
“just help me see what it looks like together and to see also who was going faster.”
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Figure 30
Khadijah transposes one graph onto another (Photo by author)

Still, the question of speed remains. Since Khadijah doesn’t attend to steepness, I ask her
directly:
Miss Imm:

Is there any way to tell from a graph if someone’s walking slow or fast?

Khadijah:

I say when it comes to walking if you’re steeper you’re moving faster, and
it you’re moving slow, it’s more narrow [holding her hand horizontally].

Khadijah then shades the “most steep” section on either graph and notes that “you could have
been going pretty fast here.” She isn’t entirely sure that this idea generalizes:
Miss Imm:

Is that always true, steep lines mean you’re going faster?

Khadijah:

It don’t always have to be true but that’s just how I see it. That’s how I
feel.

She relates this task to her own experience using the motion detector, showing with her arm the
steepness of lines made while walking faster (Figure 31). That she connects her “seeing” to her
“feeling” shows how Khadijah relies on her intuition, and hints at some ways to support her to
build her mathematical certainty going forward.
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Figure 31
Associating steepness with faster walking (Photo by author)

Next, Khadijah is asked to compare three different concession stand lines (Melanie,
Terrance and Rosie) to determine which one is the fastest (see Appendix H). She finger-counts to
find the elapsed time between 9:45 and 9:51 and between 9:46 and 9:54, miscalculating the
second interval. She is stymied by Rosie’s, the third description—"my line is going almost
exactly 2 minutes per person”— because it doesn’t contain specific times or people in line.
Likely because the format of the rate is different Khadijah says that “I don’t really know how to
use hers,” not seeing it as analogous to the others.
In her attempts to compare the three rates she makes a literal model of the people—
drawing circles for their heads—and distributing the minutes across the people. When 7 minutes
doesn’t distribute evenly over 4 people and 9 minutes doesn’t distribute evenly over 5 people,
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she simply assigns the last person in line 1 minute, not 2. She concludes from this model that
Melanie’s line is going faster, with no real supporting evidence other than the fact that the length
of the interval is shorter (7 minutes) than Terrance’s (8 minutes). Given that Rosie’s line goes 2
minutes per person, she now names it the slowest.
Miss Imm:

So are they all going the same—two minutes per person?

Khadijah:

Yes, but...it’s just a different amount of people. They all people in line
for two minutes. But the last person, before it hit the 8, before they have 8
people left it’s just one minute.

Here Khadijah doesn’t take up rates and scale them, as she had done earlier in the study. It is not
clear that she sees this data as rates at all. The task was designed to remind the students of the
graduation program (Task 1), but there is no mention of any structural similarity.
Finally, Khadijah examines three graphs of Rodney’s saving account over three years.
She annotates each graph noting aloud how much money Rodney spends and saves (or “puts in”)
over every interval. She nearly perfectly describes the changes to his account, even situating big
spending patterns or saving patterns in Rodney’s imagined life (e.g., buying groceries or a car
seat for the baby).
Miss Imm:

On the graph, how do you know when he’s spending and when he’s
saving?

Khadijah:

Because the money is decreasing. If the line is decreasing that means the
money is decreasing, which that means he’s spending. The line’s
increasing that means the money is increasing that means he’s putting
money in to save his money.

Miss Imm:

And if the line goes….
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Khadijah:

If it goes straight that mean he’s staying with that same amount. He didn’t
put no money in; he didn’t take no money out.

Development of Ideas, Strategies and Models
What is the residue of the teaching experiment on Khadijah’s understanding of rate, ratio
and function? What learning has endured or become more stable for her? The map of her
development (see Appendix G) provides a snapshot of her learning across the teaching
experiment. Khadijah’s development, like all learning, is neither linear nor consistent; sometimes
she takes up a strategy or idea in one task only to abandon it in the next. Sometimes she is more
sure of an idea, but is not yet sure that it generalizes across contexts. Despite this, however, two
patterns of data emerge (highlighted in yellow and orange on the map) that suggest growth.
One, Khadijah shows evidence of viewing the structural underpinning of mathematics in
context, as a result of the teaching experiment. Recall that when she is asked to consider the
relationship between tasks in the pre-interview, she sees no relationship—focused solely on the
contextual “wrappings” and not the underlying structure. Khadijah is convinced that the tasks are
not related because the stories are not similar, and makes no effort to reason beyond the surfacelevel attributes. Yet in the post-interview, Khadijah notices and explains how tasks are alike,
despite differences in their outward appearance. She is able to explain how two tasks (Melons
and Rodney’s savings) are identical in structure despite their contextual differences. She also
refers to model-eliciting tasks that remind her of tasks in the post-interview, such as the
relationship between the Task 1 and screenshots of a laptop.
Two, Khadijah’s ideas about the relationship between rate of change and slope are
challenged, as a result of the sequence of tasks, both model-eliciting and model-interpreting. In
the pre-interview, she articulates the view that steep graphs are the result of “walking uphill.”
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Her experiences with the motion detector provide multiple opportunities for her to reconsider
this view. When she constructs a final graph—independent from her partner—she demonstrates
in practice how speed and direction work together to make a graph. In the next model-eliciting
task (Task 3) she works with Danya to develop a predictive model where a quickly-dying battery
is conveyed as a steep line, while a slow-dying battery is a much flatter line, more evidence that
she is taking up this relationship between rate of change and slope. Finally, during her postinterview Khadijah articulate several times the understanding of the relationship between rate of
change and slope, which she refers to a “steepness.”
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Finding 3
Within the models and modeling literature much attention is paid to the cyclic and
iterative nature of the modeling process itself. There are numerous studies that demonstrate
modeling’s power and potential for students to develop conceptual ideas. But the role of the
teacher in these studies is often under-theorized or absent from the discussion, as if students are
working independently and/or in small groups with little teacher support or interaction. In this
study, it was neither possible nor desirable for students to work entirely on their own for several
reasons. One, the girls were relatively new to modeling and we anticipated the need to initiate
them to the process. This is not to say we explained what modeling was or how to model, but
rather that we helped to induct the girls into a new mathematical way of working together. Two,
given their experiences within math class to date (e.g., largely procedural, with a focus on test
preparation) we expected some resistance to, or skepticism about, modeling. Our tasks differed
markedly from the general set of activities they associated with math class, requiring more
stamina, decision-making, collective sense-making, public justification and revision. Three, the
transient nature of the participants’ attendance (e.g., not daily, episodic) proved to be a challenge
to the study. Teachers could support students who “lost a partner” from one day to the next, or
who returned to class after an absence, having missed some aspect of the modeling process. In
this way, the teacher did not play the role of a student mathematician, but rather gave the
students a “talk partner” to continue modeling on their own.
In the sections that follow, I offer five episodes to illustrate how these interactions
between teacher and students supported them to participate more fully in modeling, and
therefore, to reason about new mathematical ideas related to function. My choice of terms here is
deliberate: I am purposely using the word interaction (and not intervention) because of the
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association that intervention has developed with addressing “problem behavior” in students. I
use interactions then for two main reasons: it makes clear my intention is not to “fix” the girls
behaviorally or otherwise; and it better describes the heart of what is happening: the teacher and
student are interacting during the modeling process. Because we were interrupting the girls
during their modeling experiences, these teacher interactions were always purposeful. Yet, they
rarely shared the same purpose. To better understand the impact of teacher interaction within
modeling, I categorize each set by purposes: orienting and reorienting, including, monitoring
progress, offering a model, inviting to verify or justify and insisting on precision, summarized in
Table 4. A single interaction was rarely enough to generate access, participation or learning, but
in the aggregate, these teacher interactions were critical to creating a modeling culture where all
the girls could participate—drawing upon their lived experiences and social knowledge—while
bridging their existing mathematical knowledge with domain of function.
Table 4
Purposes of teacher interactions and their meanings
Purpose
Orienting and reorienting

Including

Monitoring progress
Offering a model
Inviting to verify or justify
Insisting on precision

Meaning
▪ helping the students to focus on the important or relevant
mathematics being developed or discussed
▪ inducting the girls into the norms of modeling so that they know
what is expected and how to participate
▪ working to involve all of the girls within a group
▪ making sure the work is co-constructed and not owned by just a
few
▪ helping to distribute competence more evenly among the girls to
disrupt any existing perceptions of high or low status
▪ ensuring that a model was being developed, directly in response
to a shared question or questions
▪ proposing or formalizing a model in moments when the girls had
not developed one on their own
▪ asking the girls to defend their strategies, ideas and models with
written and verbal explanations
▪ nudging the girls towards being as clear and as specific as
possible
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▪ highlighting inconsistencies within the mathematics and/or the
model
▪ interrogating mathematical claims that are not entirely true or
reasonable
Table 5
Teacher interactions and their intended purposes
Orienting and
reorienting

Including

Monitoring
progress

Offering a
model

Inviting to
verify or
justify

Insisting on
precision

1 Where did the five seconds

✓

✓

✓

2 I’m just going to organize

✓

come from? (Task 1)

what you said (Task 1)

3 Ask a question that’s

going to help everybody
(Task 1)
4 Can we make a picture of
it? (Task 2)

5 Just leave it at awesome
(Task 2)

✓

✓
✓

✓

✓

✓
✓

✓
✓

Interaction 1: Where did the five seconds come from?
Recall that in Task 1 Danya, Jaila and Keisha build a model to determine how fast the
graduates’ names are being called. They “chunk” the program into 25 names in 5 minutes,
identifying the two variables in the context and associating them as a rate. Then they use
division—dividing both quantities by five—to determine that each name takes five seconds.
When Jaila wonders aloud, “Shouldn’t it be like 50 seconds?” she is met with multiple reenactments of the graduation by Danya and Keisha, who eventually convince her of the
reasonableness of their rate of 5 seconds per name. “That sounds accurate,” notes Keisha, relying
primarily upon social, not mathematical, knowledge.
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When I join the group, it is the first interaction of the study, so I am careful about
honoring their mathematics and not overstepping my role. I start by asking for permission and
then proceed:
Miss Imm:

Can I join your conversation for a second?

Danya:

Sure.

Miss Imm:

So I heard you say that, I’ll hold this up…tell me if this is true. You said
that in five minutes there’s 25 kids. Is that right?

Danya:

Yeah.

Keisha:

Yes, being called.

Jaila:

Yes.

Miss Imm:

And from that, you figured out that each kid takes…

Danya:

Five seconds.

Jaila:

Five seconds.

Miss Imm:

Where did the five seconds come from?

The girls defend their strategy (dividing both quantities by five) and its reasonable result,
justified by the claim that “we tested it out” (Danya). Not satisfied with their explanation of the
units in question, I probe further:
Miss Imm:

So lemme ask you a question. If you do 25 kids in five minutes. And these
are minutes, where do the seconds come from? Do you see what I’m
saying? Like, why isn’t the answer five minutes per kid?

The girls return to the idea of reasonableness, bolstered by the true fact that five minutes per
name isn’t realistic in the context. Not seeing their error, I try a different approach: getting them
to justify their existing rate.
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Miss Imm:

Okay, so can we test your rate then? So, you’re saying each of these kids
takes five seconds.

Keisha:

Yes.

Jaila:

We did it.

Miss Imm:

How many kids would it take to make a minute?

This line of questioning proves fruitful. I step away from the group at this moment so that they
can revise their model on their own.
Effect of the interaction
Initially, this interaction provoked uncertainty, doubt and confusion among the girls. In
reference to my question, Keisha noted “that really messed up our train of thought.” Without a
teacher there to offer a model, invite them to justify their thinking or push towards precision, it
seems reasonable that the girls might have continued along their existing path of reasoning. The
interactions between us pointed out an inconsistency in their thinking and forced them to justify
their reasoning. In other words, it intentionally caused cognitive dissonance. Yet, the “confusion”
they experienced did not last long and led to a revised model. With my guidance the girls came
to the idea that five names in one minute was equivalent to 25 names in 5 minutes. Then, on their
own, they used this idea to determine a unit rate of one name in 12 seconds. This new, revised
model was even worthy of celebration; that day the girls left the room high fiving each other and
referring to themselves as “math geniuses.”
The introduction of a model into the girls’ modeling experience was deliberate as well.
Data from pre-interviews revealed that models, in general, and tables, more specifically, were
rarely used by the girls to solve mathematical problems. Early in the study, I wondered whether
their experiences in math class were “model-deficient,” but later understood that they were
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“model-directed”—that a teacher or task usually specified which model to use when problem
solving. I was not convinced that they, on their own, would think to organize their ideas in a
table, but I also knew, given their experiences as “repeaters,” that tables were not unfamiliar to
them. In this way, the introduction of the table served as a reminder of a model they could use to
make sense of the situation, and not a strange object that their teacher insisted that they use. That
they extended the table, explained it and later presented it to their peers—without teacher
interaction or prompting—suggests that this did support them to participate in all aspects of a
modeling cycle and to reason about equivalent rates.
Interaction 2: I’m just going to organize what you said
In a related episode Khadijah and Natasha approach the graduation investigation in a
similar fashion by partitioning the program into units of 24 names in 5 minutes. They mark all of
the full sections of 24 names until they face a dilemma: the remaining students in the program
are 15 at the beginning, 6 at the end or 21 altogether. Khadijah shows the glimmer of an idea
about what to do:
Khadijah:

Yeah, we are trying to figure out like…if we split…it would be like two
minutes of the time?

Miss Imm:

Did you record that splitting idea anywhere?

Natasha:

I wrote it on like a note and I said half of 24 is 12 so every 12 students
would be 2 ½ minutes because half of 5 minutes is 2 ½ minutes.

Khadijah:

Right!

Miss Imm:

So, I’m just going to organize what you said.

I proceed to record the two rates that Natasha mentions in a ratio table (see Figure 6) and hold it
up so that both of them can see it. Then, Khadijah hints at a halving strategy, “Half of 12 is 6” so
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we wonder aloud what other combinations are possible on this table. Khadijah explains, “Or we
could figure out one kid.” I leave the group in this moment so that I can study whether or not
they take up the ratio table as a model and how they use it to reason about the situation. On their
own the girls continue scaling down the rate by halving until they reach 3 names in 37.5 seconds.
After talking together, they conclude that halving doesn’t make much sense, but dividing by
three does. Eventually they claim that names are being called every 12 ½ seconds and record this
claim in their model.
Effect of the interaction
Unlike the previous episode, the intention of this interaction wasn’t to challenge or
disrupt thinking. Instead I introduced the model of the ratio table to make public Natasha’s ideas
and to help Khadijah to have access to them. By taking Natasha’s idea (on a private note) and
“re-presenting” to both of them I elevated the importance of her idea, while allowing her partner
to share it. The ratio table was first owned by me, then it carried mathematical ideas owned by
Natasha, and finally it became a model that both girls would make sense of, extend and co-own.
Because I hoped to “transfer ownership” of it, it was important to introduce, but not develop, the
model. I only recorded ideas I had heard Natasha say aloud, not add my own mathematics or my
assessment of their mathematics. In this way, it served as an invitation and it is important that the
girls are allowed space to make sense of it on their own.
The model also nudged Khadijah to be more precise in her thinking: when she initially
splits the time of 5 minutes, she suggested it was “about two minutes.” Throughout the study she
remained comfortable offering an estimate, especially when she was unsure of a mathematical
procedure. In one illustrative example, when she is not sure how to split 15 she suggests “finding
the square root” and then rescinds the idea, when her partner thinks dividing by two is “more
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reasonable.” Pushing for precision early in their modeling experiences, I posit, might have
suggested to them implicitly that this precision mattered to the eventual result.
Interaction 3: Ask a question that’s going to help everybody
When the entire class convenes to defend and justify their models to each other, I
recognize that the conversation may be different than those have experienced in math class. I
orient the girls to what will happen and what roles they will play:
Miss Imm:

We’ll have Khadijah present that one and Danya and Keisha can present
their poster. Everyone else, your job is to listen, look, critique, ask
questions so you’re in this with us. We actually don’t agree, which is cool.
So, we get to talk about why we don’t agree and work that out. We don’t
need to fight about it. We just need to understand, “How did you come up
with what you’re saying? Do I believe it? Am I convinced and all that
good stuff?”

Having established a purpose and a framing for the conversation I let the girls explain their work,
interjecting occasionally to invite others into the sense-making (e.g., “Can somebody tell us what
does the 12.5 seconds mean in the graduation program? What happens?”). Or, so that the girls—
not their teachers—have the chance to verify each other’s ideas (e.g., “Is that reasonable? Is that
believable? Do we agree with their claims? It made sense?”). A final reason to interrupt the girls’
conversation is to highlight important mathematical distinctions. For example, when the girls’
limiting assumptions leads to different rates or even different models, I invite the girls to “think
about what’s different in this strategy or in their model.”
Despite this framing, I notice that there are very few questions so far, so I re-orient the
girls towards their roles as listeners:
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Miss Imm:

Your job is to try to follow her thinking. If at any moment you say, “You
lost me, go back, where’d that number come from, what were you
saying?” Just stop her, slow—her—down. She’s going to make claims that
she and Natasha figured out. See if you agree, see if you don’t agree. It’s a
really good chance to ask a question.

After several minutes of talk between four of the girls, Sam enters the conversation, admitting
publicly that she is “lost.”
Danya:

How are you lost? Where are you lost?

Sam:

We don’t know what you’re talking about.

Khadijah:

You don’t know what I’m talking about?

Wanting to create access for Sam—to support her to make sense of the model—yet needing to
include others, I say, “Ask a question, Sam, that’s going to help everybody.” She pauses and then
says, “What are you talking about?” Danya offers to re-explain their strategy and their model.
When asked, “Did that help you?” she offers a quiet “yes.” But it is actually several minutes
later, when she appears to have a break-through.
Danya:

Are you saying that for one person it takes 12.5 seconds then they call the
next person? That’s how long the names is going to be?

Khadijah:

It takes 12.5 seconds for me to go up and walk across…

Danya:

So how long it takes until they call the next name, basically.

Sam:

Oh, now I understand.

Effect of the interaction
In interviews throughout the study, many of the girls described whole class conversations
in math class. There were two main types that emerged: a teacher showing the students how to
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solve a type of problem (in advance of them doing similar tasks) and a teacher “going over” a
problem after students had attempted to solve it themselves. In both cases the teacher stood,
physically positioned to be seen and heard by students from their desks. The expectation was to
“sometimes take notes” or “just listen and don’t interrupt” (Jaila). No one in the study could
remember a whole class conversation where students were encouraged to talk to each other about
their own mathematics. Therefore, several were surprised that both teachers were sitting during
all of our modeling conversations, while students stood in front of their posters.
Given this, the interaction described above was designed to delineate the differences
between these previous math conversations and the ones we would have when modeling. Of
course, simply orienting students towards new roles does not mean they will take them up or be
skilled at enacting them. Yet, in this interaction, we see how the language we use in framing
plays a critical role in shaping how (and who) they will participate. My use of the phrase, “you
lost me” is taken up by Sam, even though it is a risky move for a student perceived as low-status.
That Danya is willing to re-explain and that Sam develops some new understandings later in the
conversation provides some evidence of the power of this interaction.
Interaction 4: Can we make a picture of it?
During Pass the Book (Task 2), recall that Sam temporarily has to work on her own when
her partner Jaila leaves the room. She doesn’t appear to get started on her own, so I approach her:
Miss Imm:

So, Sam, what can we do while she’s gone to get us started? Do you know
how to enter this into a calculator? Can we make a picture of it on a
calculator?

Sam:

I’m sorry. No.
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Realizing that these calculator skills are not available to us, I move in a different direction,
hoping to draw upon strategies that she does have.
Miss Imm:

Or do you know how to make a graph of it?

Sam:

How would I make a graph?

I decide that Sam and I will develop the graph together, and I proceed to build on all the
knowledge that she offers in the moment. She knows that the two variables are “seconds” and
“people,” that she must choose how to scale the axes so that the data fits, and that the data in our
experiment can become “points” on our graph. Sam is stymied, however, by having two data
points for the same number of girls, so I build on her knowledge of averaging test scores to
average the two data points. She is also not sure where the variables belong—“so seconds would
be down there?”—and ends up reversing the axes so that time is on the vertical or y-axis, while
people is on the horizontal or x-axis. I worry that this will make interpreting the graph even more
challenging, but I decide not to explore this decision. She isn’t sure what to name the thing we
are making, asking a few times if it is a line graph. By the time Jaila returns she has a complete
line graph of our experiment, copied over for neatness.
With Jaila now present I want to elevate Sam’s work and give them both a chance to
make sense of the model:
Miss Imm:

Alright. You wanna tell Jaila what you did while she was in the bathroom?

Sam:

We constructed a graph. We constructed a graph. I don’t really know…

Miss Imm:

So, what it is...?

Sam:

Of the people like….

Jaila:

A bar graph?
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Sam:

No, not a bar graph. About passing the book. Pass the book. We
constructed a graph of it and this is the result.

Jaila immediately doubts that the graph is Sam’s—“Who drew that? The numbers are neat.”—
and needs reassurance from us both that Sam was the creator. Together, we retell the story of the
data and how it is reflected in the graph.
The next day Sam is invited to extend her model to show what happens if Miss Murray is
removed from the experiment. Just after I walk away, she confesses Jaila and Natasha: “I have
no idea what the hell I’m doing.” When I ask return to Jaila and Natasha to extend the model
using data from the whole school, Sam pleads, “Wait, I need them to help me.” The group works
largely together after this moment, but on the two occasions when I check with Sam about
whether she is following Jaila or understanding Natasha, she admits that she is not. It is clear that
a line graph as a model is still “under construction.”
Effect of the interaction
Offering any student a model that they would not have constructed on their own is a
weighty choice for a teacher. In Sam’s case, she had drawn many graphs before and had seen
countless graphs throughout her middle and high school math curriculum. Despite this exposure,
she remained hesitant about how to make or interpret a graph. In my decision to intervene with
Sam I considered whether or not I could transfer ownership of the model from me to her. To be
clear, this was not a transfer of understanding of the model from me to her, but rather an
invitation for her to use and refer to the model as a tool in this context. If, in our co-construction,
I had done most or all of the thinking, it stands that Sam would be unlikely to take any ownership
of the model. Instead she might continue to live in the paradigm of “not knowing what the hell
I’m doing,” or she might accede to my suggestions simply because I was her teacher.
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I contend that even if Sam had limited or partial understanding of the graph, it was vital
that she become a co-creator and co-owner of the graph to be seen as a contributor of knowledge
in this mathematical community. Sam did not position herself as a high-status math learner and
tended to doubt her mathematical knowledge, especially when paired with students who
possessed more status or confidence in their own abilities. When Jaila was skeptical that Sam
could have made the graph, it provides a view of the specific status differential between them, as
well as the more general challenge of inviting students with diverse ways of knowing to model
collectively.
The role of the teacher in this interaction was to act as an ally to, and defender of, a lowstatus student, so that she could make a unique contribution to the modeling process and so that
she (and others) would begin to take her ideas more seriously. Sam acknowledged the
importance of this support: she noted that “we constructed the graph” not “I constructed the
graph.” Despite its mathematical inconsistencies, Sam made a giant version of the graph to
present and defend to the entire class a few days later. Her presentation was brief, but as she
concluded there was a wide smile on her face for the first time in the study (Figure 32). It was a
micro-example of her evolving role within the community: she referred to her model as
“amazing,” accepted praise for her graph from several others, and, likening her presentation to a
theatrical performance, even asked if we were “gonna clap.” I maintain that little of this would
have occurred without our targeted interactions.
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Figure 32
Sam presents her model of Pass the Book (Photo by author)

Interaction 5: Just leave it at awesome
Danya, Keisha and Khadijah have spent two class periods thinking about The Wave (task
2) and developing a predictive model. Miss Murray and I have primarily observed and listened to
their evolving ideas, giving them space to construct these ideas together. But on the third day, we
decide that some feedback from one of us would elevate their model and their presentation of it.
There are two issues that Miss Murray wants to discuss: the unit confusion around 4 seconds,
and whether their assumptions are reasonable.
Miss Murray: How did you get that four seconds estimation for how long it would take
two people [to do the wave]? You said two people would take four
seconds.
Keisha:

Like one, two, one, two, four. [re-enacting the wave with her hands]
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Miss Murray: So, you thought it would be about four seconds. My question is: is 0.04
the same as 4 seconds?
Keisha:

No?

Danya:

Ah, what?! [shaking her head in disbelief]

The girls then discuss the difference between a full second and a fractional part of a second.
When they encounter a fractional part of a second (e.g., 5.08 seconds), they typically refer to the
“parts” as milliseconds. Miss Murray offers them some language to distinguish between tenths,
hundredths and thousandths of a second (as known as milliseconds). Understandably, these units
are all so small that few of them have ever experienced anything meaningful related to them.
Yet, they appear to be more mindful of the distinctions. With this issue addressed, Miss Murray
continues:
Miss Murray: And does that make sense that if 11 girls take 5.38 seconds [to do the
wave] does it make sense that two girls would take four seconds?
Keisha:

Yes, yes it does! You know all these questions is [mumbles]. Don’t ask no
more questions.

Khadijah:

We’re confident.

Miss Murray: And you guys came up with something great.
Keisha:

This is not going to hold our confidence down, Miss Murray. Thanks a lot.

Miss Murray: I’m just giving you guys some feedback, to improve it and to make you
feel better. That’s all. This is awesome, your work is awesome.
Khadijah:

Just leave it at awesome!

The interactions continue with the girls growing even more disheartened with the feedback,
likening it to “messing up” and assuming that it requires them to “do the whole thing over.” Miss
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Murray clarifies her message again—modeling is new for us, especially these discussions of our
model where others give us feedback, college might be like this, and so we want you to be
prepared for all of this. She also restates that the expectation isn’t for perfect work, but for
openness to feedback and revision.
Effect of the interaction
Despite their dispirited response to Miss Murray’s feedback, the girls continue to revise
their model, pushing for greater precision while also checking to see that everyone in the group
fully understands the choices they have made. Keisha asks a few times, “Does that make sense?”
and doesn’t preceded until either Danya or Khadijah respond affirmatively. Their teacher has
slowed down their process and insisted that they can defend and explain every assumption or
calculation they have made so far. She doesn’t offer any more direct feedback, but she stays
close to the group so that she can support them as needed. They make only minor changes to
their model, but they take time to verify each part of it so far. In this way, the interaction serves
as a reminder to them about the importance of precision and justification.
I argue that these interactions might reveal something more significant: the girls’
association with feedback and revision in math class. There is no evidence from the students’
own description of their math courses that revision is happening. Feedback does occur, but it is
primarily in the form of summative assessments of their work (e.g., quiz or test grades) or final
outcomes (e.g., course grades and Regents scores). This type of summative feedback does not
convey the idea that revision can or should occur. There is a sense that you submit work and later
find out if it is “correct” or “incorrect.” The girls do describe giving each other feedback on
drafts of writing in other courses, such as ELA, but never in math. Assuming this is true, it is no
wonder that their reaction to Miss Murray’s feedback was so disheartening: they took it as a
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declaration of failure, not as a chance to improve. It seems reasonable that it will require multiple
positive experiences with feedback—of all kinds, from students and teacher alike— for them to
trust that isn’t a mean-spirited, personal attack, but a vital and desirable aspect of modeling. By
the end of the study there is evidence that girls came to anticipate and even appreciate the aspect
of feedback and revision that is inherent in the modeling process:
Danya:

It was just like because I felt like we were not used to it, though, that’s
why.

Miss Imm:

So like you said before, we made you think really, really hard?

Danya:

Really hard. Like every math problem you got to think hard but them, “Oh
yeah, I got it.” But then it’s like—and Miss Murray came with all her
questions. It was just like, “Oh my gosh.” But it was like…I feel like it
was like improving us, like we could think outside, like we could think
more and then like realistically and stuff. So it was just like we knew
things, we knew things! Just didn’t feel like thinking all like that. We just
lazy teens, that’s why.

How interactions support development
In the previous sections, I have provided five key episodes in which the teachers in the
study make deliberate decisions to intervene in the students’ modeling. I have shown that the
purposes for such interactions between teacher and students are varied with typically more than
one purpose in mind, and they tend to fall within the categories of: orienting and reorienting,
including, monitoring progress, offering a model, inviting to verify or justify, and insisting on
precision. Against the backdrop of a testing and measurement paradigm, where mathematics has
been framed as a “right/wrong” endeavor and feedback and revision are rare, it would take
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significant induction for any student into the process of modeling. Therefore, we saw it as our
role as teachers to initiate students into this alternative set of experiences, to orient them to the
important parts of the process, and to continually ensure that all students could participate as
fully as possible. For this reason, these conversations—described not (yet) fully enough in the
modeling literature—were critical to the girls’ development of mathematical ideas and of
identities associated with more influence, decision-making and agency within the math class.
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Finding 4
Modeling investigations are not inherently culturally responsive to learners. A “good
modeling task” is often taken up generically or universally, with little mention of how particular
learners in particular settings would respond to and make sense of these mathematical contexts.
As a result, many students, especially marginalized ones, may not find the modeling contexts
relevant or meaningful. Research overwhelmingly describes the ways that students do not see
themselves or the “real world” within many school mathematics contexts. Boaler (2008), for one,
has claimed that to do well in mathematics class, children must suspend reality and accept
nonsensical problems where, for example, trains travel towards each other on the same tracks,
and people paint houses at identical speeds all day long. She also argued that students come to
understand that “if they think about the problems and use what they understand from life, then
they will fail” (p. 51). In other words, students receive implicit, and sometimes explicit,
messages that school mathematics has nothing to do with them or the real world. (Cirillo, Bartell,
Wager, 2016).
Whose worlds are being mathematized?
The investigations in this study were deliberately situated in imaginable culturally
relevant stories. This was an attempt to allow students to see themselves within the contexts and
stories of the class. It was a necessary but not sufficient pedagogical choice. As I demonstrate in
this section, it was equally vital that the girls be treated as both story-makers and storytellers,
giving them ongoing opportunities to envision, participate in, and shape the narratives. It was
also vital that the girls came to associate storytelling as mathematical in nature—that this was not
a diversion (e.g., “off-task” behavior) but the sense-making work that modeling demanded. As I
will argue here, this crafting of narratives—personal, cultural, both individual and shared—
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created conditions under which mathematical identities would grow more agentic, more powerful
and more aligned with other identities.
In attempting to deepen and expand mathematical identities, it was necessary to recruit a
second body of literature. Research on modeling provided a template for the design study and a
deliberate departure from traditional problems solving that I believed would not elevate the girls’
learning or participation. Many of the tenets of modeling support an inclusive, inquiry-based
model of learning that resonated with my beliefs about teaching and learning. And yet, given the
diverse lives of the participants and their particular histories with school mathematics, modeling,
on its own, would not suffice. While there is no doubt that modeling requires learners to situate
mathematical ideas within a real or believable world, the question remains: whose worlds is
being mathematized? Because modeling tasks typically originate outside of students’ realm (e.g.,
from a text, from a teacher), it is often the case that well-meaning adults choose the contexts that
their students will model, and in this way, the cultural mismatch that students tend to experience
with traditional word problems is likely not resolved when modeling.
There are a few attempts, within the modeling literature, to attend to the cultural lives of
students when designing and enacting tasks (Cirillo, Bartell, Wager, 2016). But the body as a
whole doesn’t concern itself with aspects of students’ culture. I began to envision a possible
intersection between cultural relevant pedagogy (CRP) and modeling that could elevate the work
of modeling for a wider, more diverse group of students. While there is nothing in the models
and modeling literature that insists upon culturally relevant contexts, there is also nothing to
prevent a teacher from drawing upon contexts that honor, elevate and utilize students’ cultural
knowledge.
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To accomplish this, I considered how modeling might take up practices of, and therefore
operate as a form of, culturally relevant pedagogy (Ladson-Billings, 1995; Gay, 2000, 2008).
Specifically, I took up the idea of story-making and storytelling as a culturally relevant teaching
practice that might re-invite them into new, more agentic ways of being within the math
classroom. Dyson and Genishi (1994) describe humans’ “basic need for story” which they define
as a process of “organizing our experiences into tales of important happenings” (p. 2). Denman’s
(1991) notion that “through stories we see ourselves…our personal experiences…takes on a
cloak of significance…we see what it is to be alive, to be human” (p. 4). This idea of agentic
story building can be found in mathematics, as well, particularly by those who are interested in
humanizing aspects within mathematics. Su (2020) explains how story functions for math
learners:
Learn a bunch of separate mathematical facts, and it is just a heap of stones. To build a
house you have to know how the stones fit together. That’s why memorizing times tables
is boring: because they are a heap of stones. But looking for patterns in those tables and
understanding why they happen—that’s building a house. And house builders perform
better in mathematics; data show that the lowest-achieving students in math are those
who use memorization techniques, and the highest-achieving students are those who see
math as a set of connected big ideas. (p. 38)
Here Su explains how story serves as a unifying force to explain and make sense of otherwise
abstract mathematical ideas.
In the section that follows I illustrate how I designed modeling experiences to invite
participants to be both story-makers and storytellers, giving the girls continued opportunities to
envision, imagine, participate in the narratives. This crafting of narratives—personal, cultural,
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both individual and shared—created conditions under which mathematical identities might
deepen.
Narratives as a form of identity
Drawing upon socio-cultural views of identify and particularly those that insist on the
complexity and intersectionality of identities (Martin, 2000, Nasir & Saxe, 2003), I will
demonstrate how the girls’ existing identities are shaped and developed within the context of our
modeling investigations. First, however, I will situate our modeling work in the girls’ own
descriptions of their experiences in school and in math class specifically. Here, using data from
pre and post interviews, I will provide a glimpse of the complex and varied identities that exist
for the girls.
Math class as “not about nothing.” When I invite Natasha to talk about school, she
describes her favorite classes, and why math has never been among them:
Natasha:

English, you don’t really have a right or wrong answer in that class. It’s
just like…you do your own, like, thoughts—you write down your own
thoughts, you read. It’s just like…it’s not like how math is, like there’s
one answer and one answer only. In English, there’s not really an answer.

Notice in her description the reductive binary that Natasha experiences in math class (e.g., rightwrong) where there is little room for “your own thoughts” outside of an “answer.” Not only do
answers fall within this archetype of right-wrong, but Natasha goes further to suggest there are
isn’t space for multiple right answers or partially correct reasoning.
Later she expands this distinction:
Natasha:

Because in English, you can sort of like…project your opinion, like it’s
not just—you could show more of yourself. Like math class is not like—

182

MODELING WHERE IT MATTERS
it’s not really like—you’re not showing much. It’s just about numbers and
stuff. It’s not like about feelings. It’s not about like conflicts. It’s not about
nothing. Like English is about all that.
Here, Natasha locates both feelings and opinions as outside of and separate from math class. She
does not claim they are incompatible, but that for her, they are not experienced within
mathematics. For Natasha, the idea that math class is a place where “you’re not showing much”
speaks directly to her sense of mathematical identity. She is explaining why within English she is
positioned to reveal more of who she is, and why math class has not afforded her the opportunity
to express herself fully. Mathematics class, in Natasha’s view, is not a place to “do your own
thoughts” or “project your opinion” or “show more of yourself.” These aspects, she is also telling
us, are salient to her own identity. In her fullest critique of math class, she claims that “it’s not
about nothing” Perhaps, said differently, Natasha means that mathematics is about nothing that is
relevant, important, or meaningful to her.
She continues to develop these distinctions:
Miss Imm:

Some people would say that math doesn’t do a good job of being about
people or about the real world.

Natasha:

Yeah, it’s doesn’t. It’s doesn’t. Like it just teaches you what you need for
the real world.

Miss Imm:

But it’s not the real world?

Natasha:

It’s not. It’s like—some math that we learn, we’re probably never gonna
use like ever again in the future. But like I guess like, I don’t know. Like I
don’t know what they teach us things like that, but they just do.
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In this final exchange Natasha acknowledges the disconnect she feels between the “real
world”—presumably her real world—and the worlds she currently lives in. Yet her admission
that it “teaches you what you need for the real world” suggests some abstract future utility.
Natasha closely relates mathematics with its potential utility value—how a person uses
mathematics in their life—when she questions why teachers “teach us things like that.” Of
course, she is not the first to question the meaning or value of school mathematics. Two points
stand out: she does not see the value of mathematics learning, and she doesn’t see a full version
of herself within mathematics.
Mathematicians as story builders and storytellers
In the design of the study it was vital that the investigations evolved from imaginable
culturally relevant stories. Typically, this happened either by introducing a culturally relevant
artifact (e.g., an object) or by orchestrating some shared referent (e.g., a shared experience).
Beyond these initial introductions, however, it was left up to the participants to take up, nuance,
critique and extend these stories. Sometimes they were more interesting, meaningful and relevant
than others, but all had some element that emerged from listening to the girls and observing their
school lives. While this was an important aspect, I will show that it was necessary but not always
sufficient to simply situate mathematics in contexts that might resonate culturally with the girls.
After all, there is a well-established tradition of “dressing up” mathematics in contexts to engage
or inspire learners, often with limited success. What was critical was to allow the girls to emerge
as story-makers and storytellers as well. Storytelling can be a remarkably intimate act, full of the
possibility of connecting with others. Girls desire to connect with others, in school and beyond,
has been well-established (Gilligan, 1990; Belensky, 1986). The agentic aspect of stories is also
captured by Gay (2018):
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Stories are means for individuals to project and present themselves, declare what is
important and valuable, give structure to perceptions, make general facts more
meaningful to specific personal lives, connect the self with others, proclaims the self as a
cultural being, develop a healthy sense of self, forge new meaning and relationships, or
build community. (p. 3)
Here she reminds us of the important relationship between identity and storytelling. Aguirre,
Mayfield-Ingram & Martin (2013) illustrate this relationship in a related way:
Identities can emerge in the form of stories that announce to the world who we think we
are, who we want to become, and who we are not…we define mathematical identity as
the dispositions and deeply held beliefs that students develop about their ability to
participate and perform effectively in mathematical contexts and to use mathematics in
powerful ways across the contexts of their lives…Mathematical identities can be
expressed in story form. These stories reflect not only what we say and believe about
ourselves as mathematical learners but also how others see us in relation to mathematics.
(p. 14)
Stories and story-building are vital to the study in two ways: they illuminate mathematical
identities and they offer new meaningful roles to students in math class who have not felt
included, involved or empowered.
Using artifacts as stories: Determining what is real
Recall that in Task 1 the girls are invited to study and mathematize a high school
graduation program (Figure 33). Before I present the graduation program to them, I invite the
girls to share their own stories of graduation:
Miss Imm:

Have you all been to graduations?
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All:

Yeah…yep…

Miss Imm:

And can you kind of envision your own graduation?

Danya:

Yes.

Miss Imm:

What are you envisioning?

Figure 33
High School Graduation Program (Source: Illustrative Mathematics)

What follows is a wide-reaching conversation in which nearly every student shares some
details of a story relating to a graduation they have experienced. They envision “gap and gown”
and “diplomas” and the taking of photos. The stories transition across time and space—from 5th
grade graduations to imagined college graduations. For some, like Keisha, the ceremony is the
significant feature: “You see in the graduation, my parents are going to cry. They take photos
and more photos. My mother cries through everything.” For others, like Jaila, it is the symbol of
the graduation that carries meaning. “The only thing I care about,” she explains, “is getting my
diploma. I don’t care about the graduation. I just need to know I’m not in high school anymore.”

186

MODELING WHERE IT MATTERS
This is one small example of girls’ desire to be known and know others through stories, and I
will show how it is both appropriate and useful within the context of math class.
Once I am convinced that graduation is a known and personal experience, I introduce the
artifact from an imagined setting called San Lorenzo High School. Danya is the first to publicly
comment on the program, “I have a lot of questions. Now let me see if I can find someone with
my name.” This leads the whole group to look for their own names in the program:
Keisha:

Oh my gosh there was a Keisha there. Natasha, I found you.

Jaila:

There’s no Jaila.

Danya:

There’s no Khadijah.

Keisha:

There’s a Kristin? Do you want a Kristin?

The exchange is important for a few reasons. One, the girls are individually and collectively
looking for themselves, perhaps a version of themselves, in the artifact. I take this to be their
desire to verify its authenticity or believability. Two, we are beginning to make our “noticings”
public to each other, a feature of modeling as I have designed it for this study. The idea of
noticing as a mathematical behavior—not evaluating, not solving, not calculating—is new for the
class. Noticing is vital, because it gives all students a way into the conversation, regardless of
their perceived status. Noticing moves us out of any “right-wrong” paradigm of mathematics;
there is no risk of being “wrong” because there is no “wrong” here. Three, this phase of
modeling called problem posing will lead to the codifying of the girls’ questions. Those
questions, in turn, will structure how they mathematize the situation. But these questions must be
grounded in the context and therefore the girls must examine and make sense of the program as
they are doing here.
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There is a second, perhaps more abstract, way to see this “noticing” within the graduation
program: when the girls are looking for their own names they are symbolically looking for
themselves in the mathematics. In this way, they hoping to find some sort of validation that they
are named, they are seen, they are represented, even if the graduation program itself is purely
fictional. Finding one’s name—particularly if it is unique or culturally specific—would provide
some validation that this is not the teacher’s mathematics but in fact the students’ mathematics.
Eventually Debra makes a statement about the program that change the mood of the
conversation entirely, “These names don’t seem real.” When I encourage her to explain she says,
“These names are foreign.” She begins to read names to justify her belief: Ringelman, Rinker,
Peabody. The girls burst into laughter at the absurdity of these names. I pause, then acknowledge
that I know is true: that “these names don’t feel like real people to you,” and many agree. In fact,
this moment illustrates the importance of culturally relevant artifacts as springboards for
learning. Debra, who identifies as African American, is asserting that these White-sounding
names fall outside of her experience and world. Her use of the word “foreign” reinforces the
strangeness of these names for her—like another world where she doesn’t recognize the culture.
She is naming the cultural mismatch between this artifact and her lived experiences. Danya,
seemingly less convinced of the cultural mismatch, reminds us that “people have weird names
once in a while.” Here, a conversation about the believability of the program, and the girls’
skepticism about it, shifts into something broader:
Danya:

What is this supposed to show us?

Miss Imm:

What is this supposed to show us…

Jaila:

Well, what relation does this have with math?

Miss Imm:

Good question.
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In an effort to keep the students in the context and ready to model, I acknowledge that the
program itself could be real or not. I pivot back to the start of class where everyone had stories
about graduations, and I invite them to imagine that this is one more that we can imagine
together. I add a mathematical detail not written on the artifact—that the entire program begins at
1:00 p.m.—and I shift the conversation towards the generating of questions. My efforts as a
teacher relate to the idea of story—we began with real stories, I introduced a story that was
potentially not real and to reconcile this difference, we moved into a new space that could be
imagined. The mathematics of modeling does not specify that contexts must be “real” but that
they are related to some reality and can be envisioned; that they are not so sanitized that they
aren’t full of real detail. Because of the perceived cultural mismatch between the girls and the
names in the graduation program, it was important to acknowledge that cultural chasm and
reconnect to experiences that did feel believable to the girls.
Beyond the artifact: The telling and re-telling of high school graduation
Once in small groups, the girls begin to model the situation, as described earlier. Recall
that Keisha, Jaila and Danya eventually come to develop a rate of five seconds per name. When
Jaila stops to question this rate, her partners re-enact the program as if they are performing the
graduation in real time:
Keisha:

No, like five seconds.

Jaila:

Oh, yeah, yeah, yeah…

Danya:

So it would be like, “David Zachary Baker.” One, two, three, four, five.
Um, “Joseph Baines.” One, two, three, you know? Basically, the regular
beat.

Keisha:

And if you think about the tempo of it that does seem correct.
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This re-telling of the story, with its “regular beat” and “correct” tempo, serves to convince her
that their mathematical claim is reasonable. It is as if they are asking Jaila to envision it, as they
are doing, to justify its accuracy. Jaila even asks them to “do it one more time,” this time noting
that “you sound like the people,” presumably the teachers or administrators calling graduates to
the stage. This exchange, where mathematics is performed, not written, is consistent with
Hammond’s (2010) theories about culturally relevant teaching within African American
traditions. She writes, “By telling stories and coding knowledge into songs, chants, proverbs, and
poetry, groups with a strong oral tradition record and sustain their cultures and cultural identities
by word of mouth” (p. 15). The space for Danya and Keisha, two African American girls, to
engage in modeling in a way that resonates with them, supports them to be active, creative,
confident participants within their math class.
Later, after a conversation with me, the girls revise their rate to five names per minute, or
twelve second per name. I’m not sure they are convinced by this new rate, so I probe:
Miss Imm:

Does that seem right?

Danya:

Yeah.

Keisha:

Yep.

Miss Imm:

Do you think you could convince the group that it’s twelve seconds?

Keisha embellishes the story of the graduation to do so:
Keisha:

She’s in heels. That’s right ‘cause when you’re in heels…And then most
auditoriums are slanted. So you have your heels and it’s kind of….

Keisha also wonders whether they call your “full name.” When Danya confirms that they do,
they find very long names in the program (e.g., Netty Pearl Mitchell Johnson) to illustrate that
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these longer names, coupled with the walking in heels in a slanted space, might really take
twelve seconds, longer than the original five seconds that they had thought.
Taken together, these interactions demonstrate how story building and storytelling
provide opportunities for mathematical identities to deepen within their math classroom. Their
consistent movement between the context and the mathematics through story—the way they
envision, re-enact, critique, and invent the story—allow each of them to participate in the
development of a narrative. Because the mathematics activity here is modeling—where context
cannot be trivialized or removed from the mathematics—this narrative is a feature of what it
means to do mathematics. More specifically, each time they return to the story of the graduation
they use both the narrative and mathematical details to test, express or revise their model. As one
example, Keisha adds details to the story that are hers and not expressed in the artifact (e.g.,
heels, slanted auditorium) to justify the rate.
In Task 2 there the girls continue to use story building and storytelling in related ways.
During their presentation to the class, I remind Keisha and Khadijah that they revised their model
of The Wave in dramatic ways:
Miss Imm:

On Friday, I think, when you were working on this, right at the end of the
period you said it’s gonna take 58 minutes and you high-fived and got all
exited. And then I watched as you thought about it and you’re like, “there
is no way it takes Yankee Stadium—”

Keisha:

Because we rounded up to an hour and it was like, it won’t have take an
hour

Khadijah:

An hour for a wave.
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Keisha:

Because we, like we compared to like our own experience of being on,
like being at games or watching games. Just remembering those days.
You’re not gonna sit there for an hour waiting for a wave to come around
to you.

Khadijah:

Yeah.

Natasha:

That’s the majority of the game.

They know, from their own experiences attending baseball games, what feels right to them with
respect to the wave. Though their mathematics tells them the wave would take almost an hour,
their own stories tell them this cannot possibly be true. This need for congruence between
mathematical and lived worlds is at the heart of modeling.
Graphs as stories: The power of retelling and verifying
Recall that during Pass the Book (Task 2) Sam, with some support from me, constructs a
graph to reflect our data. When Jaila, her partner, returns she is not convinced that Sam has made
the graph since it is so “neat” and “beautiful.” In short, she doesn’t believe her partner is capable
of doing such high-quality work. This is not the first time Sam has felt minimized or
marginalized in math class. To better situate Sam in the following analyses, I will first provide
data from our interview providing some background and context about her mathematical
identity. Sam consistently describes herself wanting not to have a “big role” within math class—
she tries not to be noticed, she tries not to be called on, and she believes her ideas are not
important to others. When I first meet Sam, I ask her to describe her relationship to teachers at
the school:
Miss Imm:

Who’s the teacher at school you feel closest to, or you feel like… who
kind of gets you as a person?
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Sam:

In this school?

Miss Imm:

Yeah.

Sam:

Um…no one.

Miss Imm:

Nobody? Do you feel like the teachers don’t understand you?

Sam:

They do, but not how I want them to understand me.

Miss Imm:

So, tell me a little bit more about that…

Sam:

I don’t know how to explain it. [folds her head down, soft laughter]

Miss Imm:

What would you want them to know, or appreciate, about you that they
don’t quite get?

Sam:

That I’m the slowest, a slow learner.

Miss Imm:

And what does that mean, slow learner?

Sam:

I don’t…see how other kids get stuff like fast. For me, it takes time to
like…to understand what’s going on.

Miss Imm:

Do you feel like they don’t give you enough time?

Sam:

No, they don’t.

Miss Imm:

I’ve heard other kids tell me how the teachers in high school are rushing
you. Hurry, hurry, hurry!

Sam:

Yes! And everything is like on top of everything, like work, and it just
gets me…it’s so hard to concentrate, because like…you want to pass.

Sam’s self-description here provides a clearer view of her mathematical identity. She doesn’t feel
completely understood by her teachers, and arguably her peers, who appear to be making sense
of things much quicker than she is. That she calls herself “the slowest” then revises this to say
“slow learner” speaks to her sense of her own positioning within math class. Her perception of
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the fast pace of learning is more than a feeling and is supported by others in the study. As Danya
described it: “We’re in high school, so we move pretty quick. We don’t stay on this topic for like
a whole month and do something else. So, you have to learn it pretty quick.” This “fast-slow”
structure is heightened by the hurried pace of high school instruction and the feeling that
“everything is like on top of everything.” Sam is asking, quite clearly, for more “time” to
“understand what’s going on.” That she is focused on understanding mathematics—not
completing, mimicking or memorizing it—suggests an authentic desire to make sense. She is
also asking, in a way, to be included in the work and not left behind. That her peers “get stuff
fast” position her as marginalized within a context that moves so quickly.
Given this complex mathematical identity, I want to invite Sam into storytelling for three
reasons: a) she can determine the pace and slow it down as needed, b) it gives her a chance to
feel included in the mathematical community, c) it gives her a chance to “understand what’s
going on.” I engage the girls in a retelling, hoping that the graph serves as a mathematical story
to capture our shared experience. In the three exchanges below, we use the graph to retell the
story of passing the book:
Exchange 1
Miss Imm:

So then, where’s Miss Murray on this graph?

Jaila:

Um-um-um-um…I think right here.

Sam:

She got it.

Exchange 2
Miss Imm:

And so, how long does it take her to take the book and get it to the chair?

Jaila:

Four and a half seconds?
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Sam:

[pointing to a section of the graph] Probably from there to here. [pausing
to examine the graph more carefully] Yes, right there.

Exchange 3
Miss Imm:

Right there. And you said from here to here is her walking to the chair?

Sam:

Yes.

Miss Imm:

Why is it so flat? And why does it get steep right here?

Sam:

Because she was walking straight.

Jaila:

No, I don’t think it’s ‘cause of that. I think it’s because she was just one
person….So it really doesn’t depend on how they’re walking or what—
straight or twisted. That didn’t happen. I think it’s really based on how
many people.

In the first exchange we locate a “character” in the story and Sam, who perceives herself as a
low-status mathematician, has the chance to verify her partner’s idea—a role she does not
traditionally play. Because she is the owner and creator of the graph, this positions her to have
agency with her partner. In the second exchange she continues to verify Jaila’s ideas, but this
time uses the graph as evidence. She correctly identifies where in the graph Miss Murray’s walk
occurred, taking her time to develop her idea. Finally, in the third exchange, we see that her ideas
are still in development. Like Khadijah, she conflates the physical attributes of the graph for its
meaning in the real world. Jaila disagrees with her, drawing upon her memory of our physical
experience. When she notes “that didn’t happen” she is reminding Sam of a detail in our story
that wasn’t present. This helps Sam to question her idea and, over the course of the study,
develop alternatives for interpreting the graph.

195

MODELING WHERE IT MATTERS
Sam possesses two pieces of knowledge before she enters this conversation with Jaila.
One, she has the lived the experience of Passing the Book—it has been embodied, in a way—and
she can recall, with near certainty, how the data was collected and what it means. Two, she has
re-told the experience in the form of the graph. While it was clear that this required support from
her teacher, the graph belongs to her. Together, these two ways of knowing—embodied and re“presented”—allow her to be a more involved, more active participant in the shared work of
modeling. In this way, it has the potential to help her re-negotiate her mathematical identity and
begin to craft some new ways of being within the class.
The progression of modeling just detailed is related to the work of Robert Moses’
Algebra Project, seen below in Table 6, in which students move from physical shared
experiences to abstraction. Like the students in his project, the girls begin with a physical event,
move into modeling, tell stories about that physical event, and eventually represent it
symbolically. Su (2020) notes that “each step is a form of story building.” While the work of
modeling is likely less linear than this step-by-step model, it still captures how story building and
telling are tied to the physical events and symbolic ideas. It also suggests how to support students
like Sam and give them more agentic roles to play within their math class.
Table 6
From experience to abstraction, from The Algebra Project (Cited in Su, 2020, p. 42)
1
Physical Events

Take a trip
Make an
observation

2
Pictorial
Representation/
Modeling
Build a model of
the physical
event

3
Intuitive
Language/
People Talk
Ask students to
tell stories about
the physical
event
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4
Structured
Language/
Feature Talk
Isolate features
of the event that
can be studied
mathematically

5
Symbolic
Representations
Continue to build
models of these
ideas
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The importance of character and motive within the story: Cell Phone Task
When Danya, Khadijah and Natasha begin to mathematize the six cell phone screenshots
they repeatedly ask for details:
Miss Murray:

So, how are we gonna tell this story?

Khadijah:

Well…Whose phone is this? What’s his name?

Natasha:

She’s going to tell us Friday.

Miss Imm:

Oh, we’ll tell you more on Friday. I’ll give you a little more information
about them.

Khadijah:

You’re not even gonna tell us the name of the person? So how do we
know if it’s a he or she?

When we first introduced the cell phone images, we were careful to say little about the owner of
the phone. Yet, within minutes the girls had gendered the owner of the cell phone as a male,
based largely on his perceived importance. Their logic followed that only a busy or important
person would have 31,000 e-mails and important people, in their view, tended to be male. This
association of important people with maleness provides a window into how gender has shaped
their own identities as girls of color, as further analyses reveal. The following day they continued
to press for details about the owner of the phone:
Natasha:

Does he have a job, like a serious job? That’s probably why he has so
many emails.

Miss Murray: Most definitely has a serious job.
Natasha:

Is he like a businessman or like a lawyer or like —

Miss Imm:

More serious than that.

Khadijah:

A CEO or something?
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Natasha:

He works for the government?

Danya:

The President?

After realizing, Miss Murray and I are not providing any additional “character” details, the girls
move towards understanding the users’ behavior and usage patterns. They are focused on
determining why the battery is declining unevenly over two intervals (Figure 34). First Natasha
describes the difference:
Natasha:

I was saying—because from 4:52 to 5:06 is only 14 minutes and his phone
went down 4 percent. So I say he was on his phone, ‘cause from 5:51 to
7:13 his phone only when down 5 percent and that’s a longer, like, time
distance there. You know what I’m trying to say? Yeah.

Figure 34
Cell Phone Images (Courtesy of author)

With the idea that the rate of battery decline is not steady across the intervals, the girls begin to
develop explanatory narratives about why this difference exists:
Keisha:

It’s probably…you know what I feel like? And I think people who have
iPhones would agree. I feel like he probably was like — it was unlocked
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and the screen was on, but he just wasn’t doing anything to actually kill
the battery as quick as he did the first —
Jaila:

Mm-hmmm, ‘cause grownups, I see them on the train. They don’t lock
their screen! I’m just sitting there like…[throws hands up, eyes widen]

Keisha:

[laughing] Yeah, like they’ll sit there and with their phone unlocked, like,
brightness up and everything, where they’re just like this and they won’t
be on it.

Jaila:

Yeah, and that kills your battery. Like, they’ll listen to music, and I just
want to just so bad just lock it or just tell them like, “Can you lock your
phone?”

The exchange is important for several reasons. First, when Keisha first proposes an
explanatory narrative, she calls upon her peers as fellow iPhone owners. She is drawing upon
lived personal experience and noting that her insights are shared with every other girl in the
conversation. Later in the week, she tells me that “this is actually a good project to be on”
because “we all have iPhones...we know them.” Second, Jaila bolsters Keisha’s argument with
observations from her daily commute—a lived experience that gives her credible knowledge
about how adults behave on their phones. Her exasperation at adults’ refusal to lock their phones
generates laughter among the group. Her use of the word “grownups,” and the comedic effect of
her storytelling, positions kids as different than adults and in this context woefully
unknowledgeable about their phones. She is declaring in no uncertain terms that her knowledge
of iPhones is deeper than the grownups in her life. Third, there is no teacher facilitating,
supporting or structuring this dialogue, and no need for an adult to enter this story building. The
cultural artifact of the cell phone images served as a springboard for authentic, imaginative
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storytelling. Because they each possess significant and varied knowledge about how iPhones
work—as Keisha says, “we know them”—they use that knowledge to collectively construct a
reasonable story behind the images. The story itself lives in the minds of these girls and because
it is co-constructed, it lives among them—it is their narrative to craft and later justify.
Perhaps to a skeptic, episodes such as these reveal students getting “off task”—further
and further from the mathematical goals of the algebra course. But this is where modeling is
uniquely positioned to be seen as story-building and storytelling mathematics. There is no
mathematics in modeling without a realizable, imaginable, full-of-common-sense context in
which to situate the ideas. Without really immersing oneself in the context, then the contexts are
just as flimsy (and useless) as the ones the girls had experienced before.
Story-building and storytelling as identity builders
We use stories to reflect not only what we believe about ourselves as math learners, but
also how others may see us, in relationship to mathematics. Many influences—teachers, families,
peers, schooling—play a role in the shaping of these identities over time. In this section I began
by situating the analyses in Natasha’s description of math class— a place where you did not
“show yourself,” a discipline “not about nothing.” Against her heartfelt and critical view of
mathematics, I posited that modeling might provide an alternative experience under two
important conditions. One, that each modeling cycle began with some sort of culturally relevant
artifact or shared physical experience. Two, that these artifacts or experiences were taken up as
student opportunities to create and tell stories. This linking of story-making with mathematics is
consistent with the literature:
The quest for meaning builds important virtues. The first is the virtue of story building.
For millennia, humankind has used stories to convey history of essential truths. A story
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creates a narrative from disparate events and connects listeners to itself and to one
another. It is not different with mathematics. Connecting ideas is essential for building
meaning in mathematics, and those who do it become natural story builders and
storytellers. (Su, 2020, p. 39)
Positioning the girls to be story-builders and storytellers, as I have argued here, allowed for
wider defined roles to occur, and by extension, a deepening or renegotiation of mathematical
identities.
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Finding 5
The best test takers look the most like the test makers.
— NYC Principal, as told to Amy Stuart Wells, Columbia University (with permission)
Research within mathematics education has documented the ways in which high stakes
testing has affected not only what is taught in math class (Dubinsky & Wilson, 2013) but also
how students come to experience mathematics as a result. The stripping of mathematics from
rich problem solving, discussion and concept development to memorization and repetitive
practice of procedures is well-documented (Boaler, 2016; Williams & Miner, 2012; Watanabe,
2007; Lipman, 2004; McNeil, 2000;). The development of mathematical identities, of course,
occurs within these structures and constraints. Boaler and Greeno (2000) note that “students do
not just learn mathematics in school classrooms, they learn to be, and many students develop
identities that give negative value to the passive reception of abstract knowledge” (p. 188). One
of the initial hypotheses of this study was that modeling—a departure from this testing
orientation—could support students to develop positive identities, related to the active creation
of knowledge. In the section that follows, I detail how this occurs.
The socio-political context of the study is important, as it relates to testing and the
development of identities. At the time of the study New York State, like most states in the U.S.,
was acclimating to the full adoption the Common Core State Standards for Mathematics (2010);
schools and districts around the state had shifted curriculum, teaching practices and school
structures to help both teachers and students prepare for these new standards and their
corresponding exams. The general sentiment was that the new shared standards, at least in
mathematics, required more of students both in terms of depth and breadth of content knowledge
and the ability to solve more complex problems. For high school students in New York State a
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course called Integrated I—typically a first-year course that blended algebra and geometry—was
replaced by a new course called Algebra I. Like its predecessor, the new course served primarily
as a gatekeeping device that occupied the freshmen year, though occasionally the course was
offered to 8th graders and sometimes it was spread over two years in high school. It was this
course, and exam, that the girls in the study had repeated several times.
Given this historical moment, it was important to better understand how high-stakes
testing—from annual state exams beginning in 3rd grade through New York State Regents exams
at the high school level—had shaped the girls’ learning, experiences, beliefs and identities
related to mathematics. What follows are two related findings. First, I provide analyses from
multiple data sources to show how testing and mathematics were deeply intertwined and
specifically, how testing within mathematics exerted a powerful influence over the girls’
mathematical identities. Second, with that analysis as a backdrop, I draw upon other data sources
to demonstrate how modeling—crafted as a departure from these testing and measurement
paradigms—might deepen, expand, nuance and develop mathematical identities. Specifically, I
noted how modeling allowed for more robust, more agentic, more diverse forms of mathematical
identity to emerge.
Math class and identities under high stakes testing: A “fish in a bowl” climbing a tree
As “repeaters,” every girl in the study had come to understand the value of passing the
Algebra I Regents: their high school diploma was contingent upon the passing of this test.
Historically, a passing score on a Regents exam was a total score of 65 or higher. At the time of
the study, however, many New York City schools, including the research site, had taken up
policy suggestion to adopt a “college ready” score of 70—an effort to reduce the number of
students who were forced to take remedial math courses once they arrived on college campuses.
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As a result, for many students, “passing” was determined by their high schools—here, some of
the girls had technically passed the Regents tests, but needed to retake the course (and the exam)
to reach an even higher passing score. Several girls in the study believed that a 75 or 80 was a
“college ready” adding more confusion to the new metric. Each of the girls in the study
described their plans to attend college, making the passing of this Regents exam a necessity. In
interviews with me, and throughout the study, they explained the ways that they had come to
understand mathematics, teaching and their own learning within this testing and measurement
paradigm. Because mathematics has historically been treated as a “testable” and high-stakes
subject, the presence of a Regents exam meant that courses were specifically designed so that
students would pass these tests.
Several students in the study were keen observers of the relationship between teaching
and testing within math class. I will demonstrate how these notions of testing and learning of
mathematics became closely associated as the girls developed a sense of mathematical identity.
Danya first discussed how math class was designed to develop students as test takers:
Danya:

No, it’s like the teacher does something, then we both do something, and
then I do it on my own.

Miss Imm:

Gotcha. And has math class been a lot of that—I do, we do, you do?

Danya:

Yeah. So, like he’ll teach it, then he’ll do it, then, you know, basically
he’ll call on a student, then we do it together, and then independent work.

Miss Imm:

And now? With Miss Murray? Is that her teaching approach too, or does
she do something a little different?

Danya:

It’s basically kind of – it’s the same thing basically everywhere. Like the
teacher teaches something and goes through it, and then we work on it

204

MODELING WHERE IT MATTERS
together, and then you have independent work that you work on it on your
own. And then, of course, you get the test to see if you get it.
Miss Imm:

Gotcha. And so that’s what math class kind of feels like?

Danya:

Yeah, basically.

Miss Imm:

And was that true when you were a small kid, like in first, second, or third
grade? Was it like that too?

Danya:

Yeah.

Miss Imm:

Same thing?

Danya:

Yeah, it was all the same.

Several key ideas emerge from Danya’s description. In her view of mathematics instruction,
everything begins with the teacher and it is the teacher (not the students) who is doing the
mathematics. This potentially creates a dynamic where students are positioned to be passive
receivers or observers of their teachers’ mathematics, what Belencky, Clinchy, Goldberger, and
Tarule termed “received knowing” (1986, p. 4). It appears that mathematical work falls to the
teacher—"like the teacher teaches something and goes through it”—well before students are
invited into the process as agents of their own learning. When Danya describes “we do it
together” she does not mean cooperative problem solving in small groups, but rather
simultaneous practicing of procedures (just like the teachers’). Once that is complete, the class
moves into independent practice, where presumably individual students are working towards
some measure of mastery. This last phase of this teaching model directly replicates testing
conditions where students are not talking about mathematics to others, or solving problems
cooperatively, but working silently on their own. That this cycle of learning is measured by a test
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is considered an inevitability by Danya—she uses the phrase “of course” as if it is normal and
natural to test, and that there is no sensible alternative.
Modeling, as I have shown, is organized with different purposes in mind. There is no
teacher demonstration or lecture—no direct or explicit teaching, in other words. This is in part so
that students can have agency to problem pose, notice and wonder, ask questions, begin to craft a
narrative for the mathematics at hand. Unlike the “I do-we do-you do” format that Danya
describes, modeling doesn’t follow a predictable template where all of the problems mirror a
recognizable “type.” In fact, quite the opposite is true. Modeling revels in non-routine problems,
ones where students have to draw upon sense-making, common sense, trial-and-error and
creativity. The “test” that Danya describes to measure whether students “get it” was not present
in this study (and perhaps not in most modeling-focused classrooms) because the assessment of
the mathematics a) cannot be reduced to a single set of items b) happens throughout the
modeling cycle in the form of formative feedback and c) happens near the end of the cycle once
revisions have occurred. Modeling tasks almost never appear in high-stakes exams for a variety
of reasons (e.g. variety of viable models, inability to transform into multiple choice item,
expense of training and hiring in-person scorers). But this should not be taken to mean that there
is no assessment occurring. Rather, the assessment is formative, ongoing and flexible enough to
accommodate the range of learners in the classroom.
The girls also describe what it feels like to learn in the context of Regents exams,
especially when one is labeled and treated as a “repeater.” Danya explains what happens for her:
It’s just like, I don't know, like the thing with me is that in classrooms – so like right now,
if you were to give me something like a quiz, I would be like, “I know this. This is easy.”
And then get it right, like get a high grade. But then with the Regents, it’s like so much
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pressure, it’s like, you know, you need this for college. There is like so much pressure. So
it’s like a whole blank. And then I look over and do it as if it’s not a Regents thing, I
would know like, oh, I did this wrong, and here’s the answer, and then do it. It’s just like
more pressure during the Regents.
She suggests that knowing a mathematical idea within the regular classroom setting doesn’t
always translate into knowing that same idea under high stakes testing conditions. However,
knowing these are different environments gives her power to navigate the situation: she has
taught herself how to “do” mathematics as if it is “not a Regents thing.” This ability to
compartmentalize helps Danya to minimize the pressure and be more successful. Here, she is
clear that the pressure she feels is directly related to the utility value of the test: “you need this
for college” she explains. Notice there is no mention of loving mathematics or being a good
problem solver or finding mathematics creative or fun; it is simply an on-demand performance
designed to get students one step closer to college admission.
Danya establishes the undeniable pressure she feels to do well on the Regents exam. She
is not alone in this sentiment. In fact, she and her classmates point out to me how their efforts to
escape or minimize the stress and anxiety associated with the tests are challenged daily by countdown messages throughout the school, reifying the importance of passing the Regents. “Are you
seeing this?” Keisha asks me one afternoon, gesturing to the signs (Figure 35) in the hallway.
“It’s like…everywhere,” she notes, shaking her head. It is difficult to avoid or ignore the very
deliberate messaging about the importance of passing these exams: the physical spaces of
school—from doors, to hallways, to elevators—has been transformed into reminders and
warnings.
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Figure 35
Regents exam count-down messages (Photo by author)

Jaila illustrates how testing not only structures schooling in general, but students’
identities. She relates what it feels like to be measured against one-size-fits-all standards:
Jaila: In my opinion I feel like ⎯ like it was like this picture I saw, like this cartoon, like
a—kind of like a political cartoon I saw and it showed a picture of like all these
animals and it says like, "Like we're going to test you now on how— on your skills
of climbing a tree." And there's like a fish in a bowl, an elephant and then a monkey
(Figure 36). And then like so you know it's like you can't expect with different—
like who think differently to do all this work and then like, you know, if you don't
pass well then you're dumb and I'm smart because it's not the way it is.
Jaila reference to a cartoon conveys her critique of how intelligence is measured under a system
of testing. I ask, “Do you feel like the fish in the bowl, who's being asked to climb a tree?” She

208

MODELING WHERE IT MATTERS
does, yet knows that the Regents, as a single and limited measure, doesn’t capture the breadth or
depth of her understanding. She critiques the system which bestows “smartness” and
“dumbness” on learners who have different strengths and contributions. Jaila fully appreciates
that humans “think differently” (e.g., neurodiversity) and wants a system in which we are
rewarded for the diversity of ideas that we can offer.
Figure 36
“Climb that tree” (Source unknown)

Relationships with teachers: Identities in development
In describing conditions in which she has felt successful as a math learner, Danya recalls
a few teachers who have done things differently:
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Danya:

The way they do it here, it’s all math steps, so like that’s what makes it
more confusing. So because when we did it, it was like we did a whole
bunch of steps, and it confuses us.

Her conception of mathematics as “all math steps” speaks to the emphasis within testing
environments on procedures, usually at the expense of reasoning, justifying or developing
conceptual ideas. It is consistent with Williams and Miner’s (2012) notion that “standardized
tests also come packaged with demands for more standardized curriculum. These calls are part of
a broader effort to promote a narrow version of what children should learn (p. 10). The
narrowing that Danya alludes to here is from a conceptual knowledge—where mathematical
ideas are valued and developed—towards a procedural knowledge—where we learn a series of
“steps” to solve problems. Later in this section, I will show how modeling is not procedural and
does not require remembering a sequence of steps. Instead, as Gann, Avineri, Graces, Hernandez
and Teague (2016) explain, “when students are engaged in modeling, they are not using an
algorithm or following a prescribed set of steps” (p. 102).
In describing her teachers, Danya reinforces the fact that identities are always
intersectional. She explains how the intersection of race, ethnicity and gender shape who she is
and how she learns. When she relates her school mathematical history, she describes many of her
elementary teachers as “just so confusing” in their pedagogy of “a whole bunch of steps.” Her
seventh grade teacher, however, was noticeably different:
Danya:

Then seventh grade, that’s when it was just like, “This is easy.” Like, “I
know this.” I don’t know. I felt like there was a connecting or something,
the way they taught it. Because, like, I’m not trying to be racist, but my
teachers have been like American or something, and my seventh grade
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teacher, she’s actually from Jamaica. So I’m also from the Caribbean, so
I don’t know if there was like some type of relationship…I just
understood the way she taught it.
Learning from an Afro-Caribbean woman helps Danya to make sense, to see math as “easy” and
to feel as if “I know this.” Instead of “steps” she speaks of understanding, a noticeable shift. She
suggests that what made this learning possible was “some type of relationship”—that this
personal connection was critical to her understanding of mathematics. The importance of an
emotional bond between teachers and their students—to motivate, to engage, to generate
learning—is well-established (Waller, 1932; Lee, Smith & Croninger, 1997). Here, the bond
between Danya and her teacher is about their shared racialized and gendered existence—a vital
connection between them, even if it was never articulated outright—and part of her developing
mathematical identity as well.
For Danya, this relationship seems also to re-orient her towards mathematics as
something that she knows and can do. Her reference to “American” teachers and her
acknowledgement of racism provide evidence that this seventh-grade teacher disrupted a pattern
of (likely) white teachers who had little, if any, cultural knowledge of Danya and who shared
few, if any, racial or cultural experiences. Research confirms that racial identities develop early
on (Tatum, 1997), yet Danya’s middle school experiences also bolster what Noguera (2003) has
noted: “adolescence is a period when young people begin to solidify their understanding of their
racial identities” (20). Understanding how Danya comes to see herself as an Afro-Caribbean girl
has significant bearing on the development of her mathematical identity, as these are dynamic
and intersectional entities. Given the associations of mathematics (and for that matter, all things
considered as “the norm”) with whiteness, male-ness and middle-class status (Rubel, 2019), it is
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vital that Danya see herself, and others like her, within the community and practice of
mathematics. Danya suggests that the relationship she has with her seventh grade teacher—a
Afro-Caribbean woman—helps her to see herself within mathematics as a full and
knowledgeable participant.
Khadijah deepens the analyses, theorizing why her teacher continues to present
mathematical content again and again:
Khadijah:

It’s probably they're repeating it for the other students in the class that
didn't learn it. I noticed and I learned this, but they didn't learn it. So
I'm like, "How didn't they learn this? I've been doing this since the
eighth grade – seventh grade probably." This is really easy to me so
I'm just like you know what? [shakes her head back and forth as if
disapproving]

Miss Imm:

What happens in those moments when someone says, "Okay girls today
we're going to learn…solving equations." And you're like, "Oh my
gosh, I already know how to do that."

Khadijah:

Yeah, yeah.

Miss Imm:

What happens to you when that happens?

Khadijah:

I'm just like…Yeah…like a sigh [sighs audibly, drops shoulders], "Like
really?" [shrugs shoulders] Really? I don't want to do this. I know how
to do this. But then that's okay I'm going to just do it and get it over
with. I'm just going to do it fast 'cause then a couple – She has to teach
it. That's her schedule and she has to teach it. She has to teach it. I just
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have to go along with it. There's nothing I can really do about it. Yeah
I just go along with it and that's it.
Here Khadijah suggests that the repetitive nature of math instruction is designed for others, not
for her. She seems puzzled about why some students do not understand mathematical ideas that
she first learned in middle school. She doesn’t want to do more of this practice but resigns
herself to “just do it and get it over with.” That she refers to mathematics as something to endure,
like an affliction, reveals her view of mathematics and, by extension, her mathematical identity.
Kurilioff, Jacob, and Andrew’s study Teaching Girls makes clear that “the most engaging and
memorable lessons tap into the needs, beliefs, and experiences of girls. Girls need to be able to
see themselves in the curriculum” (p. 18). It is clear that Khadijah does not see herself in these
repetitive lessons within her math classroom.
Yet, she justifies her teacher’s choices—seeing her as part of a larger system beholden to
the testing paradigm—when she notes that “that’s her schedule and she has to teach it.” The
notion of a “schedule” reinforces the girls’ shared sentiment that high school mathematics
unfolds in a highly structured and tightly-paced manner. That Khadijah sees how the entire
system has been designed is consistent with Neill (2012) who showed that:
Teachers are frequently expected to rigidly “deliver” a preprogrammed, often tightly
scripted curriculum, each day covering a set of skills to prepare students for the tests.
Teachers often lack the authority to deviate from the mandated curriculum regardless of
the student needs, emerging issue, or the teachers’ recognition that these curricula fail to
prepare students for future success. (p. 21 – 22)
She seems to possess a structural understanding of what is occurring—these exams are dictating
what gets taught, how it gets taught and to whom. This, she notes, she must “go along with and
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that’s it” and in a way, her teacher must, too. Her agency, as well as her teacher’s, are
constrained by these testing demands. Her mathematical identity includes her awareness of this
system and the limitations it creates for both students and teachers alike.
Identity as a “repeater”: Within and beyond school
Self-described as “quiet, independent, and determined” Natasha frames her experience on
her own terms:
Miss Imm:

What did it feel like to know you had to take more algebra?

Natasha:

I was disappointed, actually.

Miss Imm:

Were you surprised? Like, you already got a 72.

Natasha:

Yeah, I was surprised because I forgot that we had to like – we don’t have
to, but like they expect us to get like 80 or higher for college so we don’t
have to take remedial classes. So, like it was kind of upsetting because I
had to do this all over again.

Caught between the school’s shifting metrics of what counts as a passing score, Natasha believes
she has passed the test and knows that “we don’t have to” retake the course or the exam. But she
also knows that she is a member of a larger system where “they expect us to” retake the course
and the test until a score of 80 is achieved. Though the score of 80 may not official school-wide
policy, she believes it is why she has been programmed to repeat the class and take a “double
dose” class as well. Though she experiences her test scores results as “kind of upsetting,”
Natasha has no interest in remedial college classes, so the decision to take this algebra course
again makes sense to her.
Natasha’s mathematical identity is shaped by her experiences in school, while also being
informed by her vision of her future. One might cast her decision to do what is expected of her as

214

MODELING WHERE IT MATTERS
compliant or even passive. Framed differently, however, this move is an act of agency: she
understands a college-ready score better equips her to pursue her college and career plans. Her
clear desire to become the CEO of a technology company must be seen within what she knows
about herself:
Natasha:

I don’t really like being told what to do, when to do it, how to do it. I feel
like I have a mind of my own to, like…handle myself. [On becoming a
CEO] I want to be my own boss, and like I don’t really like – I know you
have to work your way up to that position, and I’m willing to, like, do that.

Part of the “work” required to be a CEO—as Natasha conceives of it—is the taking of Algebra
more than once. Eventually, she reasons, she won’t have to follow others’ expectations as she
will be the “highest of the highest.” Natasha will “take as many math classes as I need to” in
order to meet her goals. She is able to distinguish the inconveniences of the short-term—being
told that she must take Algebra again— from her long-term goals—being her own boss and not
“being told what to do.” Natasha’s consideration of her own mathematics learning, within her
larger goals of becoming a CEO, relate directly to the power of imagination within identity. She
is illustrating Wenger’s (1998) belief that the images we have of ourselves within school also fit
into a larger collection of images we have of ourselves beyond school, including future selves.
I invite Natasha to describe how she’s experienced the instruction across these multiple
algebra courses:
Miss Imm:

What’s the difference between last year’s class and this year’s class?

Natasha:

This year, Miss G, she’s kind of teaching different stuff that I didn’t really
learn last year. I learned like a little bit, but she teaches us like other
techniques to use during a test, and like test taking skills. Yeah.
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Miss Imm:

So, you feel like you need test taking skills, or are you pretty good on
tests?

Natasha:

I’m pretty good on tests. I’m pretty, yeah; I’m pretty good on tests.
I learned not to leave like nothing blank.

Miss Imm:

Have you learned any new math with Miss G?

Natasha:

I’m not sure. Definitely it’s more about the test-taking techniques.

The distinction is quite clear and consistent with many others in the study. Learning mathematics
and learning how to pass a mathematics exam are different endeavors, with different goals at the
center. But in this context learning how to pass the Regents privileges learning mathematics
deeply or conceptually. There is evidence that Natasha, and several others, are familiar with (and
even good at) taking tests. As such, the emphasis on these test-taking “techniques” may be
misplaced. Notice how the first version of the course Natasha learned mathematics, yet as a
repeater, the subsequent versions of the course have shifted towards test-taking skills. What the
girls seem to be asking for is a deeper understanding of mathematics, not simply a reiteration of
the procedures or skills:
Natasha:

I’m not the best at math, but like I’m okay. I’m not the best. Like some
things could be complicated and confusing, but like I felt like I did my
best, like the best I could. So, like I was close to my goal, but just not like
there yet…I just didn’t understand everything. [emphasis mine]

Jaila explains her status as a repeater differently, focusing on her transfer from Catholic
schools to public schools in 9th grade. She describes how homework was “enforced” differently
across the settings:
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Jaila: Because last year, I did really bad in school, so because like since I was used to
Catholic school, my homework, it wasn’t an option. You had to do it because I
felt so scared the teacher is going to yell at me, I’m going to get in huge trouble.
But here, they give you like freedom. If you’re not going to bring your
homework, don’t bring it. It’s your grade. They’ll just put you in a zero, and that’s
it. So I thought if I don’t want to do my homework, I don’t have to do it because
no one is going to yell at me or scream at me or get me in trouble. And I didn’t –
that didn’t hit me until I was stuck with summer school because I failed algebra
both semesters each marking period, failed summer school, and I failed my
Regents. So, I had to – I’m supposed to have four credits, and I only have one as
of right now.
For Jaila, completing homework was an act of avoidance—to avoid either being yelled at or
some type of school-based punishment. Framed in this way, doing homework was not about
learning or thinking, but escaping a set of unpleasant outcomes. When these punitive measures
were removed, however, Jaila reveled in her “freedom.” That is, until the ramifications of her
choices resulted in mandatory summer school.
Later we discuss how she experiences math class now, and she grows noticeably more
frustrated with her teachers:
Jaila: Sometimes they don’t explain it the right way, so you—so I asked the teacher, “Is
there another way to explain it?” And they’re like, “Yeah, but this is the fastest
way, so this is the way we should do it.” So, it’s like I don’t care if it’s the fastest
way. I want to get a right answer, whether it takes me an hour or like two minutes.
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Reiterating the theme of fast-paced instruction, Jaila notes that her teachers have provided one
way—supposedly the fastest way—to solve problems but do not support her to find others. This
is further evidence of a narrowing of the curriculum (coupled with a desire for efficiency and
speed) under the influence of testing and measurement. She also wishes that teachers would
explain procedures more than once: “just because they know it and explain it to us one time
doesn't mean we're just going to know it. This is our first time learning it, so – this is our first
time learning it, so it's going to take us a while to learn it.” What Jaila articulates here is
consistent with Boaler’s (2016) critique of math class:
…mathematics being about connections and deep thinking, not fast calculation. There are
many students in math classrooms who think slowly and deeply, like [Fields Medal
winning mathematician] Laurent Schwartz, who are made to believe that they cannot be
math people. Indeed, the idea that math is about fast calculations puts off large numbers
of math students, especially girls…(p. 30)
Sam, a self-described “slow learner,” notes that even when teachers slow down, her teacher’s
repetitive explanations do not help her to learn. Referencing a procedure called “train tracks” (for
converting across different units), Sam says, “Oh my god. I hate that. I don’t even know how to
do it…And she explained it to me like three times—me personally—and I still don’t get it.”
When she doesn’t understand a procedure, she is asking not for a restatement of it, but an
explanation of why it works. Both girls are commenting on the way in which mathematics is
taught within a system where the tests matter, and how the ritual of procedure reproduction has
not supported them to learn.
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How modeling shapes mathematical identities
Having demonstrated how testing informs the development of mathematical identities—
linked to the structure of math class, the focus on procedures, the relationship between teachers
and students, and the intersection of other developing identities—I turn towards an analysis of
the teaching experiment itself. In the sections that follow, I will show how modeling, as I have
designed it, is a clear departure from many of limiting structures of high stakes testing. Learning
mathematics under a “test prep” approach and learning mathematics under a modeling approach
are differently oriented, with different norms and values in play (Table 7). As such, when
students are invited to model—not just once, but for days at a time and weeks on end—there is a
chance to reconsider mathematical identities.
Table 7
Norms within testing and modeling environments
Norms and values within a
testing environment

Norms and values within a
modeling environment

Mathematical work is largely done
independently

Mathematical work is largely done in
partnerships, small groups and across the
entire class

Mathematics can usually be stripped of its
context, if the structure is understood

Mathematics and context are intertwined and
cannot be separated or disregarded

Feedback to students is typically summative,
provided by the teacher

Feedback to students is both formative and
summative, provided by the class and the
teacher

The teacher’s primary role is to present
mathematics to students

The teacher’s primary role is to facilitate the
development mathematical ideas, strategies
and models

Problem solving occurs in an efficient, “onepass” manner: towards the finding of answer

Problem solving is iterative and cyclic:
developing a model using multiple rounds of
express-test-revise
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Speed is encouraged and rewarded

Speed is not encouraged, though some
pacing is considered

Students are positioned as reproducers of
mathematical procedures

Students are positioned as creators and
evaluators of mathematical ideas

Modeling: Designing mathematics for the “whole class”
Recall that in their first modeling task, Danya, Keisha and Jaila sit down together, ready
to choose some questions to model. With Danya’s guidance, they select the simplest question
they can find—“cause it’s mad easy”—briefly come to consensus on their “answer” and within
90 seconds determine that “we got that one figured out” (Keisha). They haven’t developed a
model, but a loose estimate based largely on social knowledge, but they are convinced they are
finished. Danya points to a section in the graduation program, saying, “it’s just right here,” as if
the answer itself is stated plainly in the artifact. At the end of this exchange, they check off the
question in their notes and each proceed to circle their answer on their papers.
This brief interaction—the first of our modeling work—illuminates their views of
mathematics in a variety of ways and demonstrates how modeling will challenge some of those
beliefs. Three central views are at play. One, there is sense that mathematical tasks vary in terms
of their demand from students (e.g., some requiring more of students than others). Given this
range, they choose what they perceive to be the simplest—the least amount of work, the least
amount of thinking. This “path of least resistance” is resonant of what Khadijah stated earlier—
that one gets through math by getting “it over with” and that “just going to do it fast” helps to
alleviate the “affliction” of math, as the girls have experienced it. Two, the circling of final
answers is, I argue, test-taking and not mathematical behavior. Students have received explicit
instruction on how to communicate to an unknown grader or scorer where to find their answer on
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the page. The circling of final answers serves to minimize the possibility of ambiguity for
graders, and ultimately, to get the greatest number of points for work. In other words, the circling
of answers assumes that mathematical work is to be read and scored by a teacher or unknown
grader. That the girls circled their answer testifies to their entangled association of mathematics
with test-taking. The circling behavior also underscores their understanding that finding the
answer—not building a model, or developing a proof, or offering a conjecture—is the singular
goal of mathematics. Three, the goal for a student of math, it seems, is to be done quickly and be
awarded the most credit or points possible. The tacit agreement between students and teachers is
to “produce” some form of mathematical work—typically focused on completion and correct
answers—in exchange for some type of academic value (e.g., academic credit, a good grade, the
elimination of a low test score). This is consistent with other data throughout the study in which
the girls ask if they will “get credit” or “get an A” for their modeling work.
Modeling challenged these views in a variety of ways, and here I will present the three
most significant. One, and perhaps most radically, there was never an answer to circle. That the
modeling process eventually generated a model—not a single use solution—was a new idea for
most of the girls. As I have shown in previous sections, it required several consecutive modeling
investigations for the girls to acclimate to the iterative process of modeling and the expectations
of its results. They learned, as their experiences with modeling accumulated, that modeling’s
goal was not an answer. They began to trust that more than one model could result from their
class and each could be powerful and correct, given the different limiting assumptions that the
girls built within the context. This took time and prolonged exposure to support the girls to take
up modeling. In the beginning there was some resistance to the practice of working on a task
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beyond a single class period. Over time, however, the girls began to accept this process, treating
it as the new norm.
Two, the models we generated were not intended for an unknown grader nor for the
teacher, but for the class community. This, too, was a noticeable shift. In the initial tasks, the
girls repeatedly relied on their teacher or me to verify, to check their thinking, or to confirm that
they were finished. “Miss Murray, we are done,” and “All finished. Do you wanna check?” and
“Miss Imm, where do you want our work?” typified what the girls announced or asked of us
when they imagined they were finished. They continued to operate within a paradigm in which
mathematics was primarily for the teacher—she noticed, she commented, she collected, she
assessed—and not the community. By the final modeling task, however, the girls were actively
working for and with each other, and there was little mention of the teachers during their process.
In one example, as they generated several models for the cell phone battery, they referred
directly to the class community. Natasha, looking over Danya’s poster, challenged her written
explanation, “I don’t think they [italics mine] will understand that.” Here, the use of a plural
pronoun signifies that the math will be verified by the rest of their class and not their teachers.
Working together, they revised the statements, so that their peers would better understand their
ideas.
In a second example, Miss Murray asks a group if they are ready to present their model to
the class. They argue that today isn’t a good day:
Miss Murray: You guys—okay. I would love for you to be ready in about 17 minutes to
present.
Danya:

That’s not fair.
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Khadijah:

I think we should wait ‘til everyone else comes, because everyone else has
to be here, too, as a class, to know.

Miss Murray: We can wait, if you want.
Danya:

Yeah, let’s do that, because if we’re going to present today, can we just go
back like tomorrow or something and revise it?

Miss Murray: Yeah. Absolutely.
Khadijah:

Because we have to have the whole class here, too, so they would
understand it.

The exchange illustrates an important turn for the girls—they are now producing mathematics
for each other, for the class. As such, it is important that “everyone else”—the “whole class”—is
present. The subtlety of their language is critical in demonstrating how much their view has
shifted. Though Miss Murray refers to the phase of modeling as “present your information,”—
potentially a one-way transmission, not a discussion—Khadijah says that the class must be
present “so they would understand it.” In framing the presentation as a chance for her peers to
discuss and make sense of their thinking, she goes beyond a one-way presentation to her peers.
She knows now that she has to convince the class of the viability of their model and be willing to
defend it when her peers scrutinize it. This is consistent with Anderson (2007), who noted the
importance of the collective: “learning mathematics involves the development of each student’s
identity as a member of the mathematics classroom community.” (p. 7) Collaborative activity,
such as modeling, has particular value among adolescent girls who tend to enjoy and become
skilled at working together, learning to trust one other and ultimately elevating each other’s
voices within the classroom space (Kurilioff et al., 2017). Studies confirm that modeling is best
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enacted as a group activity (Ikeda, Stephens & Matsuzaki, 2007) where discussions elevate the
collective understanding and give the chance to develop group synergy.
This exchange also suggests that modeling helped to reposition the girls, relative to
mathematical knowledge. Boaler (2002) found that students, particularly in traditional
classrooms, are often given a limited way of participating within math class— recall the notion
from Belencky et al. of “received knowing” (1986, p. 4). This is the result of having
mathematical ideas presented to you by teachers, or textbooks, or other forms of external
authority, as the girls have described throughout the study. When they are modeling, as I have
shown, the girls are neither receiving nor reproducing mathematical knowledge; they are creating
it themselves. Of course, as I have shown, their teachers are still playing a role within the coconstruction of knowledge, but Miss Murray and I are neither presenters nor mathematical
authorities within the community. This supports the girls to interpret ideas, make choices
together, exercise their own thoughts and exhibit agency.
Three, under a modeling paradigm, a clear sense of pride in the quality (and volume) of
their mathematical work emerged. To illustrate, the day before they would present their models
to the class, Danya, Natasha and Khadijah asked to display their work along an empty wall. After
they had fastened poster after poster of their tables, graphs and written explanations, they took a
step back to take a wider view. Danya faced Khadijah saying, “All right. We’re good. Look at all
that work. You see, this is beautiful.” Khadijah then called us over to witness the work,
stretching her arms wide to capture the breadth of the contribution (Figure 36), and repeated
Danya’s words, “Look at all that work. You see, this is beautiful.” When I call it a “wall of
thinking,” the girls accept this label and Danya re-iterates again “how much work we did.” That
they are referring to their work as “beautiful” and wanting to show it to others notes a shift in
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how they are beginning to think about mathematical work. Even a loose association of
mathematics and beauty is a new one for the girls. Yet, in this moment of collective pride, the
belief that good work will be rewarded by a good grade remains intact. Danya turns to Miss
Murray and notes. “A lot of work. Exactly. My grade has to be one hundred in your class.” This
hints at the enduring association the girls have with mathematical “work” and academic reward,
illustrative of a larger social contract within school.
Figure 36
Khadijah and Danya display their “Wall of Thinking” (Photo by author)
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Figure 37
Danya explains their “Wall of Thinking” (Photo by author)

Initially, as I have shown, the girls approached modeling tasks as they would
standardized test items—they looked for simple tasks, moved quickly to an answer, showed
some work and circled their final answer. With experience and exposure, they began to take up
modeling as an alternative to this testing view of mathematics. Modeling changed the central
activities and relationships within math class, allowing for the girls to develop mathematical
identities as agentic problem solvers and authorities. Keisha noted that in modeling “there are no
steps, you just kinda find your own way. It’s like there is no path, you just make one.” The girls’
models improved over the course of the study, and so, too, did their orientation towards
mathematics.
In the previous sections, I presented evidence that they began to see themselves in the
contexts and stories and began to consider themselves as authentic authorities within the
community. We abandoned the “I do-we do-you do” paradigm, because we wanted to reestablish that mathematics was about memorizing, copying or completing. Jaila, initially highly
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skeptical of modeling, eventually offered that, “This was fun because you gave us like our own
space, where it wasn’t like you told us, ‘No, you’ve got to do it yourself, and then we’ll review
it.’ We could do it — we would do it by ourselves.” Modeling allowed for this new space to be
seen as “our own space” for the girls, and this, I have shown, is one of many ways it supports
their development.
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Chapter 6: Discussion and Conclusion
All students, from preschool through adult education, bring two powerful,
propulsive, and expansive questions with them each day into every classroom.
Although largely unstated and implicit, even unconscious, these questions are
nonetheless essential. Who in the world am I, or who am I in the world? What in
the world are my choices and my chances? There are simple questions on the
surface, but they roil with hidden and surprising meaning, always yeasty,
unpredictable, potentially volcanic. They are, in part, questions of identity-information, and in part questions of geography: of boundaries and of limits, but also
of aspirations and of possibilities.
— William Ayers, Teaching toward freedom:
Moral commitment and ethical action in the classroom (2004, p. 32-33)

In the previous sections, I delineated and discussed five separate research findings. Here,
I offer an additional level of discussion for two primary reasons. One, it allows me to synthesize
and connect the five previous findings in a more cohesive way. Two, it provides space to offer
two additional findings that emerge from this more holistic and integrated level of analysis.
Though two distinct research questions guided the study, my analysis revealed that they are, in
fact, deeply related. As Ayers (2004) notes above, being a student is both a process of learning
and also of becoming, one that unfolds in specific contexts that afford both possibilities and
constraints. In the context of the study, it is clear that learning mathematics and the development
of mathematical identities are interdependent, and that modeling creates opportunities for both to
occur.
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After a discussion of these two remaining findings, I offer several considerations, some
important implications, and concluding remarks. No classroom approach—however powerful—
insulates students from the larger structures (e.g., racism, sexism, tracking, hyper-accountability)
which shape their educational trajectories. So, in this way, the study is limited as a full disruptor
of educational outcomes. In its most powerful form, however, the research presented here is
poised to offer a vivid existence proof of how we might use modeling as a vehicle for reengaging girls of color in the collective work of mathematics. The study can contribute to the
models and modeling literature in two important ways: expanding how we theorize the role of
the teacher in supporting students to do rigorous, open-ended mathematics, and aligning
modeling towards an equity-based practice such as culturally relevant pedagogy or teaching for
social justice. Finally, the study might provide a vital alternative to the testing-and-measurement
constrained math classroom—insisting that we de-value individual acquisition of skills and
privilege the identity-affirming, collective construction of knowledge in its place.
Discussion
Modeling provides authentic decision-making power
In Finding 1, I provided analyses from the teaching experiment to show how the girls
developed important new strategies and ideas related to proportionality. The use of specific and
recognizable contexts helped the students to reason about situations that involved rates and
ratios. That the context and the mathematics were intertwined forced a constant verification
process that modeling requires: Does this math make sense within the context? Does this context
support our mathematics? Later, I provided more analyses to demonstrate how modeling
required the need to consider (and not dismiss) realistic considerations. I also showed how social
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knowledge played a variety of roles, but generally helped the girls to make sound decisions about
the mathematics at hand.
Within this finding I mentioned briefly the importance of structuring a context or
situation mathematically. I will argue here that this act of structuring—while a vital part of what
it means to do mathematics—also played a role in the development of mathematical identities,
particularly for girls who had previously experienced a mostly “test prep” curriculum. As I have
shown, each of the modeling tasks was designed to provide some context or structure within
which to do some mathematics. However, as Grootenboer (2010) describes, “Problems that
demand mathematical modeling are not neat and tidy, sanitized of all extraneous information, or
constructed so all the required information is clear and readily available” (p. 292). In other words
the “messiness” of modeling is intentional, designed so that the mathematician is able to make
important decisions about: what is important and what is not; whether variables are present and if
so, how to make use of them; and how to develop a model that both “works” mathematically and
makes sense within the context at hand. This messiness is essential, in part, because it better
replicates the realities of mathematical modeling—and arguably, mathematics in general—
outside of school contexts. More importantly, however, it allows students to have decisionmaking power as problem solvers. Sorting through the “mess” is part of what mathematics
entails, yet too often, particularly under the pressure of testing and measurement systems, we
clean up the contexts, denying students real opportunities to do so.
Recall also from Finding 3 that minimal teacher guidance (if any) was provided to the
girls about how to begin: whether in identifying variables or building limiting assumptions or
developing a model. In this way, I wanted to ensure that each investigation was equipped with
the widest range of mathematical decisions as possible. When students are accustomed to follow
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their teacher’s mathematics—as Danya described so clearly in an “I do-we do-you do”
paradigm—there are fewer opportunities to make decisions. Well-meaning teachers—often
under the pressure to boost students’ test score results—often clear the path and sanitize the
contexts in an effort to “get to” the mathematics more efficiently. Doing so gives students fewer
real decisions to make mathematically and denies them a range of roles within the math class. In
this way, experiences shape not only what is learned but also how one identifies with
mathematics writ large. Recall that Jaila confirmed that teachers gave her space to think for
herself: “you gave us like our own space, where it wasn’t like you told us, ‘No, you’ve got to do
it yourself, and then we’ll review it.’ We could do it — we would do it by ourselves.”
A set of continuums (Figure 38) developed by Ellen Whitesides (2013) bolsters this
finding. Whitesides supports the notion that mathematical activities vary along a set of
dimensions, and that “good” modeling tasks tend to exist on the right ends of the continuum.
Notice that when tasks “shift” towards the right, there are simply more decisions for students to
make, and therefore, within the figured world of their math class, more agency. The kind of
mathematical activity that many students experience under a testing paradigm skews heavily to
the left of the continuums—students are often told or shown how to think and there are few
decisions for them to make on their own. Under a modeling paradigm and specifically in modeleliciting activities, “students develop models (and conceptual tools) to make sense of specific
problem situations” (Lesh & Yoon, 2003). Some would argue that these decisions can be
considered a creative endeavor: “these types of choices, assumptions and decisions are not
arbitrary but are guided by the knowledge of both the real world and the mathematics…this
creative process of mathematical modeling is engaging and challenging, but also interesting and
fun!” (Cirillo et al., 2016, p. 9)

231

MODELING WHERE IT MATTERS
Figure 38
Modified version of modeling continuum (Source: Whitesides, 2013)

It was not surprising that, initially, the girls tried to avoid making too many decisions. In
Task 1 Danya, Keisha and Jaila identified the simplest question to “answer” and believed it was
provided for them in the artifact. Much later, after continued exposure to modeling as a process,
the girls began to take up the task of making mathematical decisions. In this way, they moved
along the modeling continuum of collecting and selecting information—from believing that
information would be provided to them to knowing that they themselves must determine what
information to collect and how to do so. Additionally, when Keisha likened the work of
modeling to “pathless problem solving” she meant that it wasn’t clear how to begin or proceed;
that she learned that no teacher would provide the “directions” or “steps” on this mathematical
journey. This is consistent with the literature in which modeling is described as traversing along
multiple pathways and leading to different models (Cirillo et al., 2016). Keisha came to
understand—to connect to Whiteside’s continuums—that modeling meant collecting, selecting
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and processing information, as well as selecting or developing a model. Over time, she came to
appreciate having all these decisions to make because it meant she had agency within her
learning. I will discuss my second finding—modeling supports students to see themselves, and
be seen, within mathematics—in the next section.
Modeling supports students to see themselves, and be seen, within mathematics
The last finding provides more evidence of the relationship between learning
mathematics and developing a mathematical identity. Specifically, it provides compelling
evidence that the use of culturally relevant contexts provides the possibility of seeing oneself
within mathematics and simultaneously learning new mathematics, particularly for those who
have never experienced mathematics in this way. By “seeing oneself within mathematics” I mean
that students might feel as if mathematics is created by them, about them and for them. Here, the
girls’ history as students of mathematics, as well as their positioning as “repeaters,Sam suggests
they have rarely experienced mathematics in this way. The data shows that instead, they have
had limited opportunities to develop mathematical identities associated with agency, voice and
meaningful connection. This study, then, provides an existence proof, of an alternative.
Consider again Natasha’s description of mathematics (Finding 4) in which it is not hard
to see why she (and others) has not identified personally or deeply with mathematics:
Natasha: Because in English, you can sort of like…project your opinion, like it’s not
just—you could show more of yourself. Like math class is not like—it’s not
really like—you’re not showing much. It’s just about numbers and stuff. It’s
not like about feelings. It’s not about like conflicts. It’s not about nothing.
Taken together, the research questions explored how we might create mathematical experiences
for students like Natasha that would help her to see herself within mathematics and
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simultaneously learn new mathematics. I have shown how modeling has the potential to shift the
way the girls learn, come to know, and relate to mathematics. There were many contributing
factors, but the most critical feature that linked learning and identity-building was the centrality
of cultural relevant stories and the use of story-building and storytelling as a shared activity.
Denman’s (1991) notion that “through stories we see ourselves…our personal
experiences….takes on a cloak of significance…we see what it is to be alive, to be human” (p. 4)
is both the far from Natasha’s experience and also a aspiration for the work of modeling.
The stories that the girls have experienced in math class—up until this point—have not
resonated with them personally. Instead, they are what Boaler (2015) refers to as “pseudo
contexts”. Implicitly, within these contexts students are often asked to suspend disbelief and
abandon common sense—the residual effect is that mathematics becomes “other-worldly and
unreal” (Boaler, 2020, p. 194). Compounding this cumulative effect of pseudo contexts is the
role of testing. Because the girls are under increased pressure to pass the Regents exam—and
their status as “repeaters” marks this urgency clearly for them and their teachers—the kind of
contexts they experience look increasingly more like the exam itself. As discussed earlier,
students can recognize the contexts that are used within high-stakes testing, as if they were a
separate and distinct “genre” of mathematics. They are not fooled into thinking the stories
matter—these are flimsy gimmicks designed to get them to do some mathematics, and in their
case, pass a single test.
Given this, the girls are not accustomed to thinking that stories (or believable contexts in
general) are a part of what it means to do mathematics. To illustrate, recall during Task 1, when
Danya asks, “Why are we looking at this?” Then, after almost twenty minutes of lively whole
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class discussion—where the girls discuss and make sense of the graduation program—Danya’s
question returns in a different form:
Danya:

What is this supposed to show us?

Miss Imm:

What is this supposed to show us. [restating]

Jaila:

Well, what relation does this have with math?

This exchange highlights the disconnect the girls are feeling between telling stories and the work
of mathematics. As adolescent girls of color, from African American, Afro-Caribbean and Latinx
traditions, stories are a cherished part of their daily lives. But, within school contexts, they have
also been told to “wrap it up, ladies” (Khadijah) so that they can focus on the learning goal of the
day. In this way, the stories they want to tell and the work of mathematics have felt separate and
incompatible. Elevating the use of stories, in the way I have framed modeling, could feel both
familiar (e.g., we do this on our own) and strange (e.g., we don’t do this in math class). Which is
why Jaila’s question is important: she is questioning how culturally relevant storytelling has
anything to do with math. Of course, both are forms of collective sense-making—telling,
retelling, interpreting and convincing others—yet for the girls, they are rarely experienced
together. More broadly, storytelling is a way to codify and connect ideas. Su (2020) notes that
“connecting ideas is essential for building meaning in mathematics, and those who do it become
natural story builders and storytellers” (p. 39).
Outside of the testing paradigm, however, stories matter and have great personal and
cultural significance. Communities who tend to value oral cultural traditions—such as African
American and Latinx cultures—already appreciate the value of stories. Hammond (2015) makes
the case that in addition to being culturally significant, stories are deeply tied to learning as well.
She notes that when we are hearing or telling a story two important things are happening
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cognitively: one is the processing of language and the other is the simulation of any activity in
the story. That is, the regions of the brain associated with the action in the story activate as if we
were performing the action ourselves. One result of this dual processing is that ideas and
concepts become “sticky”—more easily codified in our memories. The creation of story helps
learners process new content in any subject area but is particularly powerful in “identifying
similarities and differences, findings relationships, noticing how things fit together in a system,
and recognizing point of view” (p. 135). Each of these routines, as Hammond calls them, has a
direct relationship to modeling. As the earlier findings show, when modeling is situated in
culturally relevant contexts—giving students ways to hear, tell and build stories—they are able
to a) construct mathematical ideas that make sense and b) develop mathematical identities
associated with agency, influence and voice.
After discussing the results of this design study, two things remain: noting the important
considerations of the study and proposing some important implications for both research and
teaching within math education. In the sections to follow, I will do both. Within the implications
section I will also provide with a few possible directions for further research and inquiry. As
always, it is the aspiration of research to generate more informed and precise questions for the
field to pursue.
Considerations
Like Gregory Michie’s (2005) study See you when we get there: Teaching for change in
urban schools I believed that the best way to study teaching and learning in urban contexts was
to study it up close. Similarly, I am under no illusions that the study can make grand claims
beyond the particulars. In fact, no part of this study attempts to make generalizations either about
the participants or about the paradigm of “repeaters” or “double dose” algebra. It is not the goal
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of design studies, such as the one I have crafted. Instead, I attempted to capture and highlight the
unique, the particular, the granular—focusing my gaze on the complex and uneven nature of
learning, identity development and classroom life. It is akin to Rose’s (2009) belief that “the
details of classroom life convey, in a specific and physical way, the intellectual work being done
day by day across the nation—the feel and clatter of teaching and learning” (p. 154). This was a
deliberate attempt to convey the rich details of classroom life, as Rose describes, but also the
messy “clatter” of intellectual work that is true of both modeling and design studies. Both are
iterative, interactive, always-in-motion, under-revision processes. Each develops within the
tension between “carefully planned” and “in-the-moment” responses. But it was in this tension,
in these imperfect moments, where learning and identity development live. So, it is my hope that
while the findings are not generalizable across school settings, it is their specificity that makes
them powerful. That is, the detailed nature of the analysis helps us to illuminate the role of
modeling in the learning and lives of students.
Centering the study on the experiences and ideas of adolescent girls of color was a
deliberate and, arguably, political choice. As a white middle class woman, working within a
school community consisting of adolescent girls of color, I was mindful, always, of the limited
role I could play, particularly in the role of development of racialized identities. While I had
spent many years in schools similar to research site, by situating my research among AfricanAmerican, Afro-Caribbean and Latinx girls, I would always be an outsider. For me, the girls
always would be what Delpit (2006) describes as “other people’s children.” As such, I would
insist on deep care and respect for the girls and their community, as well as a vigilant awareness
to the ways in which my assumptions and interpretations were constrained by my own identities,
lived experiences and history.
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Given this positioning, my goal was to offer the stories, experiences and ideas of girls of
color not in a way that “steals and harms” but rather in a manner that “helps heal breaches of
knowledge” (Anzaldua, 1990, p. xxi). Acknowledging that I cannot shed my power and privilege
is a small beginning, as well as centering my research on the actual words and actions of the girls
in the study. The interpretations I have made through the analysis are partial and imperfect, yet
they contribute to a larger conversation; one in which we are all working towards making more
inclusive space for girls of color—within mathematics and beyond—that honor their insights,
contributions, and brilliance.
Implications
Modeling as an equity-based practice
While my framing of mathematical identity took into consideration the dynamic and
intersectional nature of all identities, some would claim it did not go far enough. Critical scholars
would note that the concept of identity must always include considerations of power and
structural inequality. Here, Gutstein’s (2006) framing is useful:
The notion of mathematical power includes dispositions towards mathematics—that
students should see it as a meaning-making tool. However, from a social justice
perspective, this definition is incomplete because students should also explicitly use
mathematics to understand inequality, critique social structure and arrangements, and
become active in movements to restructure society for justice and equity. (p. 119)
I acknowledge this possible limitation in framing—this was not a study in which mathematics
was used to critique oppressive power structures such as racism, sexism and class disparities to
develop socio-political consciousness within the students. Nor did it attempt to mathematize
contexts in a socio-political way. It simply was outside the scope of the research. Yet, I maintain
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that the study did adequately consider important dimensions of equity, related to the
development of identity, that are typically absent entirely from the modeling literature and often
most of mathematics education research. In this way, it could be considered a bridge between
mathematics for social justice and mathematical modeling.
I crafted modeling in a deliberate and somewhat unusual way—as a community-building,
identity-affirming, teacher-decentering, form of inquiry. As such, I have positioned modeling to
be in harmony with a pedagogy of social justice. There is some emergent research that supports
this premise: that modeling and teaching mathematics for social justice are not only possible, but
complementary. Circillo et al. (2016) note that both share overlapping goals and practices:
leveraging students’ knowledge of the world, wrestling with “ill-defined” contexts, and boosting
students’ interest and involvement in math class. Even Gutstein (2006) acknowledges that
curriculum that doesn’t explicitly support a social justice agenda can potentially support that
orientation “because it supports dispositions that are in sync with reading and writing the world”
(p. 199) mathematically. That modeling shows the potential to be seen as a justice-seeking,
equity-based practice is vital, given the ways that tracking, ability grouping, and high-stakes
testing continue to reign over mathematics education.
Theorizing the role of the teacher within modeling
As discussed earlier, the modeling literature is still developing with respect to the
teacher’s role within the modeling process. When the teacher’s role is discussed, it is usually to
suggest that students should be doing modeling with as little “scaffolding” as possible; that the
teacher should guide only when necessary, allowing students to model on their own. Yet, this
appears to be a generic comment not about modeling per se, but about most forms of
mathematical investigation and inquiry. Some of this literature even positions teachers as
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“supervising” the work of students (Stender, Krosanke & Kaiser, 2016), which neither aligns
with this study nor my views of teaching and learning. There is even a possible list of
interactions that mirror the problem-solving heuristics (Polya, 1990). But, as described earlier,
heuristics—a list of steps to follow— have generally been found to be devoid of specificity and
not particularly helpful for students (Lesh & Zawojewski, 2007).
What I have presented here is a glimpse of the possible: the nuanced ways that teachers
can support the modeling of their students—particularly those who do not identify with
mathematics and/or who are new to modeling—without disrupting the process of constructing
ideas on their own. Modeling, as I have shown, only develops students to be agentic problem
solvers if the mathematics is theirs, and not the teacher’s. Modeling is not the space for direct
instruction, lecture or teacher demonstration; but the study does not claim that modeling is the
exclusive form of instruction. There may be other opportunities where some direct or explicit
instruction may be pedagogically useful.
It has been noted that students who are not used to modeling may initially resist or refuse,
deciding modeling is too open-ended, too unfamiliar or too unstructured (Gann, Avineri, Graves,
Hernandez, & Teague, 2016). In these cases, Gann and colleagues note that when students’ lack
of experience with modeling lead them to opt out a variety of supports can be offered by the
teacher, including launching with a sense-making discussion, asking probing questions about the
context, or helping students to utilize limiting assumptions to make the problem feel less
daunting. The study confirms that these are, in fact, ways to support new students to be inducted
into a modeling paradigm, while leaving them with plenty of opportunity to think and make
decisions for themselves.
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Potential for further research
Always the beautiful answer who asks a more beautiful question. — e.e. cummings

The research here does not claim to “solve” any of the pervasive challenges mentioned
through the study. However, as good research should do, it is poised to generate several more
research avenues and some more refined questions to guide us. Each of these, in their own way,
might be the beginning of a new line of inquiry.
Teachers as designers: What matters in the design?
Though it was beyond the scope of this study to investigate deeply, there are two roles
that call for further research. One, I consider teachers in a modeling paradigm to be curriculum
designers. Here I define curriculum broadly to encompass all aspects of the learning
environment including interactions, norms, routines, space and materials that support learning.
My redesign of the physical classroom space (e.g., out of testing formation into a circle for
discussion), our ways of interacting (working in small groups, making large posters to present to
each other), the grouping of girls, and the overall “flow” of modeling work did not come
explicitly from any of the literature. These choices about instructional design came quite
intuitively, based on years of working with students who have not seen themselves as having
voice or agency within the mathematics classroom. Perhaps it is worth studying these aspects
more closely. Particularly, whether these decisions were purely symbolic or whether (and
perhaps how) they contributed to the girls seeing themselves involved in mathematics in new
ways.
Skeptics would rightfully point out that teachers already have (plenty of) curriculum
resources at their disposal; many have neither the time nor the interest in designing local or
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culturally specific contexts for their students, as I have done. Conversely, many do not consider
the work of teaching to be curriculum design. This is certainly a consideration, but I would argue
that teachers often find packaged and mandated curriculum resources to be “stale” for their
students. This leads them to search far and wide for “good tasks”—a set of universally good
mathematical activities that will engage students. This study suggests that modeling that grows
out of the situations, interests and dilemmas of our students’ lives, and that these can be framed
and mathematized and wrapped in stories to engender the kind of engagement that is desired.
That is, the place to “find” (and develop) engaging modeling tasks is within the lives of our
students.
Story-building and storytelling within modeling: What are teachers’ roles?
Given the primacy of story-building and storytelling, more could be investigated about
the teacher’s role within the launch of modeling tasks. Several questions emerge from this work:
How do we support students who have not associated storytelling with mathematics to do so?
How much structure do we provide initially to “hook” the students into the narrative? What role
do cultural artifacts (including images and objects) play in sparking the co-authoring of stories
that support the work of modeling and do not detract from it? How are these stories coconstructed so as not to feel like instructional gimmicks or pseudo contexts? These questions are
just a few of the ones that emerge from this study as possible areas for inquiry.
Getting the theories to “talk” to one another
This study attempted to coordinate a variety of seemingly disparate conceptual and
theoretical ideas across a variety of disciplines. My hope was to connect and nuance these
theoretical ideas wherever I saw meaningful ways to do so. At a minimum, the intersection
between mathematical modeling, mathematical identities and culturally relevant pedagogy seems
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to hold great potential as a future site for more research. I consider it to be both powerful and
fully under-developed. I see several important “levers” at the center of this intersection such as:
redesign of curriculum under modeling, use of culturally relevant artifacts and contexts, and the
role of story building and telling as a class community. Many questions remain about what a
culturally relevant, identity-affirming, modeling classroom might look like. Or how a teacher
would scale a study such as this to a full class of students, using such a frame. Precisely because
there is so much to learn, I offer it as a future line of research.
Concluding remarks
In a talk at Bank Street College in December 2019, educational researcher Amy Sturart
Wells noted, “Test-based accountability systems are not harmful to some kids—they are harmful
to all kids.” While ambitious in its scope and complexity, there should be no impression that in
this study we have found a “solution” or “interaction” to some of the intractable challenges
within education, related to the study of mathematics and its current relationship to high-stakes
testing. It was also never the goal for modeling to replace “test prep” as a vehicle for passing an
Algebra I exam. Unfortunately, plenty of students will continue to re-experience algebra as a
gatekeeper, and this calls for larger, structural work and activism beyond the scope of this
research.
What I have shown, however, is the outline of a path forward that goes well beyond the
passing of a single test—one that suggests that learning cannot be divorced from identity
development, especially for those who have been sorted and labeled by education systems and
whose identities are unavoidably shaped by the intersection of sexism, classism and racism. The
study offers a clear departure from, and alternative to, the mathematics under high-stakes testing,
making clear the importance of redesigning instruction with modeling guided by the tenets of
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culturally relevant pedagogy at the core. This study began with the question, “Whose worlds are
we mathematizing?” and insists that we continue to ask, “How can we support students to
mathematize their own worlds?”
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Appendix A: Landscape of Rate, Ratio and Function
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Ordered alphabetically

Okay, what else are you noticing?

Students in the class

The order they’re going to get called up in

It’s a graduating class

So….What is it?

I’d like you to take a look at it with your partner and just
think about what it is and what you can tell about it.

Whole Group Launch

[1.5 minutes to discuss with partner]

Hand out graduation program from
San Lorenzo HS.

Introductions. Purpose of the lesson.

The deliberately
open-ended launch
serves to get kids
thinking about, and
intrigued by, the
context. As a group
they are simply
noticing and
naming. None of
the ideas are
verified or
challenged at this
stage.

Sense-Making
Phase

Initial Codes

The Context:
I invited 10th grade students who were currently taking an Integrated Algebra course to join me after school for a 70 minute modeling
session. When I arrived there were 7 students present, who I later randomly divided into three groups.
Group 1:
Students A, B and C
Group 2:
Students D and E
Group 3:
Students F and G
Researcher:
R
I began the investigation by sitting around a large table with all 7 students.

Appendix B: Phases of the Modeling Process
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C

B
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17

F

12

F

G

11

16

D

10

They will all show up. They probably get the kids all line
up before hand to make sure it’s okay and if you don’t

You could count the number of kids in the class [kids start
counting and ask if they can write on the program], but you
know that some of them are not gonna show up.

Anything else you are noticing or that we could tell from
this graduation program?

You’ll know from this program when you will be called,
like at the beginning or at the end of the thing

No, no, look for your last name. See how it’s set up….

Look for your first name

If you were in this class and you wanted to find yourself in
the program, how would you do it?

Oh yeah, there are always speeches, like the valedictorian
and another one. Usually two speeches.

These are the people you have to thank if you are giving a
speech

They have the staff on here, like the principal, and AP and
all that

They be long

In the modeling
literature, this phase
is not always
mentioned or
considered
important.
However, I
speculate that this
may be a critical
part of the
modeling process.

Every student
offers something to
the conversation.
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Does this have anything to do with students walking up?

Say more about that….

R

B

R

27

28

Other questions we could ask?

So some of these names and long and some are short, and it
might take whoever is reading the names longer to say the
big names. So I’m not sure we can assume that the time is
consistent, you know what I mean?

E

Do you guys know what “E” means by this?

Assuming that the time is consistent, how many second
does each student take? Actually that makes me think of
another question: Is the timing consistent between
students?

26

E

24

So, now that we know what it is. I’d like us to think about:
What questions could we ask about this situation, this
graduation?

R

R

23

Right, but like some kids don’t know until right before
graduation if they are really going to graduate. That’s what
I’m saying. So this thing doesn’t necessarily show
everyone who was there.

25

B

22

show up for that, then you are probably not going to
graduate.

These questions
will serve as the
initial set of
problems for kids to
investigate.

Here the
conversation shifts
— students
generate questions
they have about
context, the artifact
and the situation in
general.

Problem Posing
Phase
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31

32

33

34

35

36

37

38

39

40

41

42

Like what we were talking about before….What if
someone doesn’t come to graduation? Do they read the
name anyway?

Wait! Why aren’t’ the speeches in the program? If I was
the valedictorian, I would want my name in this program
and that I was going to give a speech.

How long are the speeches?

When did the graduation end?

When did the graduation start?

How many students in one minute?

Probably like 11:30, or 12:00. Those things take all day.
[laughter]

When did the graduation start?

How many students per minute?

Other questions?

Yeah, yeah. So I’m wondering with this timing would the
students have enough time to get up to the stage and back
to their seats? I’m just not sure.

Sometimes they come down the aisles, right?

Well like are the kids on the stage, or are they down in their
seats…..
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Okay, so we just made a list of a whole bunch of questions.
I’m going to ask you now to choose one or two question
that you want to explore with your group and then we’ll
come back and try to convince each other of our thinking.
So, which questions are you going to work on?

Probably like 2 minutes, probably lined up already, it
depends on how fast the names get called.

I think they would, in case their family is there and they
would go, “Thomas Anthony Baker” and then the family
would start clapping and “woo-hoo’ing” I mean, if you are
in the program they are going to call your name.

Each group chooses 2-3 questions
from our list and move to various
places in the room to work together. I
follow Group 1.

Appendix C: Examples of Models Developed

Group 1 — Danya, Jaila and Keisha
First Model

Second Model

Third Model

Second Model
(modified)
Rate of 5 names in 1
minute

Rule in words
“Name minus five”

Rate of 25 names in 5
minutes

Ratio table

Emergent models
based on social
knowledge of
graduation ceremonies

Associated with the
strategy of
“chunking” the
program into sections
of 25 names

Introduced by the
teacher but taken up
as a way to verify
their existing model

Associated with the
strategy of
“chunking” the
program into section
of 5 names

Group 2 — Khadijah and Natasha
First Model

Second Model

Rate of 24 names in 5 minutes

Ratio table

Associated with the strategy of “chunking” the
program into sections of 24 names

Introduced by the teacher but taken up as
a way to verify and
extend their existing model to a unit rate
of 1 name per 12.5 seconds
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Students can take a specific ratio
(usually bounded by some specific
context) and re-conceive of it as a
generalized form of rate.

A rate can be thought of
as an abstracted form of
constant ratio.

B

Speed can be thought of
Students will draw upon their
as quantified motion, the
understanding of rate and of cocoordination of changes in variation to:
positions simultaneous to
§ compare whether one object is
changes in time.
moving faster or slower than
another
§ compare the speed of an object
across various time intervals
§ determine the average speed of
an object over an interview in
time

Students may:
§ compare the two quantities as
whole quantities
§ compare the two quantities such
that one is measured in relation to
the other (this may take the form of
a unit rate)

A ratio is the result of
comparing two quantities
multiplicatively and is
linked to the idea of rate.

A

C

Related strategy

Conceptual Idea

Why this is important

The coordination of the ideas of motion as movement and
speed as quantity comes together for children once
proportional reasoning is present. Specifically, the
integration of distance moved with time of movement, in a
proportional way, is how speed is constructed for most
children, according to Piaget (1970). Thompson (1994)
suggests that the idea of speed in general is foundational
to the development of concepts like average speed.

When we say, for example, that a car travels at the rate of
60 miles per hour (a rate) we know nothing about the
distance traveled at that rate (perhaps 120 miles), nor
about how long it is been traveling (perhaps 2 hours). This
idea, first made known by Schwartz (1998) is used by
Thompson (1994) to illustrate the importance of students’
ability to reconceive ratio as rate.

Thompson (1994) suggests that what matters is the
multiplicative relationship between the two quantities and
shows how this foundation supports students to reason
about rates, speed and average speed.

Appendix D: Key concepts related to function
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Students treat functions as a “set of
directions” to produce some new
outcome. For example, the functions
y = 2x + 4 is seen as a “set of
directions” to take some number,
double it, then add four. This process
is repeated over a number of values.

Functions can be seen
initially as a
computational process —
a “recipe” to map some
values into other values.

E

Functions are a set of
related ordered pairs of
values. Or as one entire
set of values (input)
mapped onto another
entire set (output).

Functions can be seen as a Students are able to use a rule in
process that accepts inputs words, or an equation to:
and produces outputs.
§ generate a table of values (inputs
and outputs)
§ identify those inputs and outputs
from a graph.

F

G

Students transform quantities based
on some repeatable means (e.g.
doubling, adding the same quantity)
while thinking about the
transformation as a compete activity
— starting with a set of objects,
doing something mathematical to
them, and resulting in a new and
related set of objects — not as a
series of isolated steps.

Students use their understanding of the
meaning of “m” (slope) and “b” (yintercept) in the symbolic notation y =
mx + b to interpret changes to these
values in various forms (e.g., table,
equation, graph) and predict outcomes
not represented in the current form.

The slope and y-intercept
are key features in any
linear function, and
provide insight into the
behavior of the function.

D

While this suggests an operational view of functions, it is
essential for the “development of a mature image of
function” according to Dubinsky, Hawks & Nichols
(1992). This emergent idea supports students to be able to
reason about covariation later.

Several scholars have underscored the dual nature of
functions and the pedagogical challenge of helping
students to develop a structural view of functions (Carlson
& Oehrtman, 2005; Dubinsky & Harel, 1992). A structural
view of functions tends to be more holistic and is an
essential characteristic for reasoning mathematically in the
college level mathematics. However, most students remain
entrenched in an operational view of function (Carlson,
Jacbos, Coe, Larsen & Hsu, 2002).

Sfard (1991) noted the dual nature of mathematical
conception of function, distinguishing between operational
and structural views. She believes that an operational view
likely occurs first for students, followed by a structural
view that tends to be more abstract. Both conceptions, she
argues, were complementary and valuable.

Moskovitech (1990) documented students’ struggle to
interpret linear functions and theirs graphs. Despite
careful and extensive instruction, “the role of the yintercept remained problematic” (p. 111)
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Kleiner (1998) asserted that one develops a fuller
understanding of a given concept when one can see it
many different contexts and from many different points of
view. Knuth (2000) also noted that students preferred to
solve algebra problems algebraically, even when a
graphical solution might have been easier and more
efficient. He noted that students’ “ability to flexibly
employ, select, and move between algebraic and graphical
representations” was limited (p. 506)

Students make use of visualizations to
give them insights about a particular
function. They are also able to move
efficiently and flexibly between
representations of functions, choosing
representations that afford them the
greatest insight into the function at
hand.

Students recognize types of functions
within context and without explicit
mention of their type, while avoiding
overgeneralizing their knowledge of
function across type.

A given function can be
envisioned and
represented in a variety of
ways. Each representation
affords insights and
limitations.

Functions of a particular
type (e.g., linear,
quadratic, exponential)
share key attributes and
can be considered a
related “family” of
functions.

I

J

Do students have a sense of “linearity” without being told
that a particular function is a linear function? Is this
understanding solid, or do students extend it to any new
function they encounter? It has been established that
students often believe every function is a linear function
(Markovits, Eylon & Bruckheimer, 1998; Freudenthal,
1983) perhaps because it is often the first function they
experience instructionally.

Early in development a student thinks first of one
quantity, and then the other, continuously alternating
between the two. Later, a student understands that both
quantities are continuous and that the two changing
quantities can be integrated into in a single image, not as a
series of alternating steps. (Saldanha & Thompson, 1998).
Students who can “hold in mind a sustained image of two
quantities’ values simultaneously” (p. 298) are believed to
understand covariation.

Functions involve two
Students:
simultaneously changing
§ are able to how one quantity relates
quantities, which are said
to another in a particular moment or
to co-vary in a dynamic
instance
and integrated way.
§ can coordinate the image of two
Making sense of functions
changing quantities (think of both at
requires the ability to
the same time)
understand co-variation.
§ can begin to think of the covariance
as continuous, not as a series of
moments

H
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Student recognize and make use of
relationships between functional
situations — instead of treating each
situation as distinct.

Students are able to transform
functions based on descriptions and
can find, for example, the inverse of a
function. Or they can shift or modify
an entire function to reflect a change
in the context or situation.

The same function can be
situated in a variety of
contexts. It behaves
mathematically in the
same way, even though its
meaning must be
considered in its original
context.

Functions can be treated
as objects, and as such,
can be transformed.

K

L

The 4th National Assessment of Educational Progress
(NAEP) study, administered in 1986, revealed that when
11th graders were required to think structurally — select a
graph of a given function and its inverse — less than 20%
of students responded correctly.

Wagner (1981, 1993) studied 9th graders who solved two
problems in which the variable had simply been renamed,
but the function remained the same. The majority of
students re-solved the entire problem from the start, redoing all of the computations they had just completed and
thus, treating the two problems as unrelated.
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Appendix E: Example of Landscape of Learning

FRACTIONS, DECIMALS, and PERCENTS
uses fractions,decimals,and percents interchangibly

fractions,
d
decimals, an umbers
n
al
on
ti
ra
percents as

interchanging numerators to simplify first when multiplying
doubling and halving and the more generalized use of the
associative property to eliminate a fraction

standard algorithms

using landmark fractions
to make partial products

the properties that hold for
whole number operations also hold
for rational numbers

use of
double number line
for addition and subtraction

fractions may
represent a rate

using place value understanding
to

using the associative property to make
“friendly”numbers and adjusting at the end

clock
model

uses multiplication and division
to make equivalent fractions

using a ratio table as a tool to
make equivalent fractions
ratio
table

doubles numerator and
denominator to make
doubles numerator
equivalent fractions
to multiply by two

doubles a
denominator to
halve a fraction

multiplication is connected
to fractions (e.g.3/4 = 3 x 1/4)
fractions express
relationships the size or amount
of the whole matters

in subtraction

if numerators are tors
nomina
common only de paring
equivalence on
matter when com
a double number line

uses a common whole to compare fractions

for equivalence the
ratio must be kept
constant

pieces don’t have to be
congruent to be equivalent
fair
sharing

fractions may represent
division with a quotient
less than one

multiplication and
division by ten make the
whole shift to the right and to
the left in a decimal
representation

using repeated addition
for multiplying

counting on instead of rem
oval

using proportional reasoning

if the whole is shifted one
can work with decimals using
whole-number arithmetic

using landmark
decimals

to add or subtract fractions
a common whole is needed
equivalence is preserved when
equivalent parts are combined

multiply and divide by powers of
ten

generalized use of a repertoire of strategies for whole
number operations

fractions can be
thou
of as operator ght
s

uses money as
landmark numbers

constant rate
can be determined
if the
accumulated rate an
d
time are known

accumulated increase of
a constant rate is the rate
times the time

using a common whole to add and subtract fractions
skip counting or using repeated
add to find a fraction of a whole

ratio table
for division

open array
model for
multiplication

multiplication and division of rational
numbers are relations on relations

simplifies to make
a common whole

fractions,
decimals,and
percents as operators

to compare
fractions the whole
must be the same
measurement

with unit fractions,the
greater the denominator,
the smaller the piece is
using landmark percentages (e.g.50%)

with decimal
equivalences the
numbers in different
place-value positions
are related by
powers of ten

fraction
bars

analog
electric meter

money
model

using landmark decimal equivalents

using landmark fractions (e.g.1/2,1/4)

The landscape of learning: fractions, decimals, and percents on the horizon showing landmark
strategies (rectangles), big ideas (ovals), and models (triangles).
Overview for Operations with Fractions, Decimals and Percents: A Yearlong Resource
11
from Unit
Minilessons
(Imm, Fosnot & Uittenbogaard, 2007)
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Appendix F: Sample modeling investigation: High school graduation
Opening Context
I want to tell you about a graduation ceremony that I attended last spring at San Lorenzo Valley
High School. The ceremony was scheduled to begin at 1 p.m. There were a few speeches by
students and teachers, and one musical number, and then they began reading the names of the
graduates. Have you been to a graduation like this? This sounds familiar, right?

After the speeches, the principal and assistant principal start reading the names, in
alphabetical order, and when everyone has been called, the ceremony ends. I saved the program
and I made a few notes on it. I thought I’d give you a minute to take a look at it now with a
partner at your tables.
Exploring the Context
There are a number of questions that are likely to arise from students, on their own, based on the
assumption that the names are read at roughly the same rate. Students may need to discuss this
aspect of the context and whether it is reasonable to assume. Common initial questions from
students include, but are not limited to:
§

When did the graduation ceremony end?
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§

How long were the speeches?

§

How fast are the names being read?

As these questions emerge, it is helpful for small groups to choose one of the questions to
investigate and model together.
Extending the context
After some initial presentation and discussion of ideas of the questions above, or those like them,
ask students to do the following:
§

Families often love to record the moment their child’s name is called at a graduation.
Using the San Lorenzo High School program as an example, develop a model (a rule,
formula, shortcut, an explanation) for families to be able to predict when their child’s
name will be called in the program. This way they can be ready with their cameras and
video-recorders for the big moment. Be prepared to explain how and why your model
works and defend it to the rest of your class.

(Adapted from the Illustrative Mathematics Project;
Original version can be found here http://www.illustrativemathematics.org/illustrations/713)
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Appendix H: Protocol for Interview and Rational
The intention of this first one-on-one interview is to develop an initial concept map or landscape,
which reflects individual students’ conception of function, prior to the start of the modeling
investigations. Students who agree to participate will join the researcher for a semi-structured
interview — outside of regular classroom instruction — in which they will think aloud and solve
several related mathematics problems related to function. The protocol below is intended to be
conversational, based on the ideas here, and not a literal script for the researcher.
Researcher’s Prompts

Rationale

1

Good morning [student name]. Thanks for joining me. As you
know you and several of your classmates have agreed to be a part
of a study I am conducting about how students learn mathematics.
Next week you’ll see more of me in your classroom, observing and
recording and teaching.

Sets the purpose of
the interview for
students

2

To get ready for that, it’s important that I have a sense of how you
are already thinking about these ideas. So this is not a test, and will
not be part of your grade for your math class, but I do want you to
take these questions seriously and do your best. I thought we could
talk through a few situations together. Do you have any questions
for me? Okay, are you ready to begin?

Allows students to
voice any questions
or concerns they
have about the
process

3

Take a look at Graph A and study it for a minute. Then I’ll ask you
to describe two things: What’s going on here? How do you know?

4

Alright, so I’m interested in you telling me what you think is
represented here and how you know. As you describe what you are
thinking, I’ll take a few notes.
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We expect that
students will make
notice of the two
boys in the graph
and theorize that it

has something to do
with a race.
The questions below are intended to probe more deeply into a
student’s understanding, based on what they have offered so far.
5

You said it looked like a race between two boys. What makes you
say this?

6

You said it looked like a race between Juan and Antonio. Can you
determine who won the race? How do you know?

7

Is there a way to tell — from this graph — how fast either boy was
going? Describe how you would do this?

8

Do you think they were walking, running, riding a bike? What do
you think? How could we find out? What makes sense to you?

9

Did Juan keep up the same speed throughout the 4 minutes? How
do you know?

10

What about Antonio? How do you know?

11

Is you think of this graph as telling a story about what happened
between Juan and Antonio, are there any moments in the story that
seem more interesting or important than others? Which moments
— where are they on the graph — and why?

12

Are these usually interesting or important moments on any graph or
just on this graph? Why or why not?

13

Okay. Let’s explore a few more situations. Ready?
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Both questions here
attempt to elicit an
interpretation of a
graph, one of the
ways students will
encounter functions.
These questions are
related to idea about
rate and slope, and
attempt to determine
what understandings
the student has in
the context of this
situation.

This question is
related to an
important idea of
functions, that they
have critical
features, which help
one interpret their
meaning.

14

What if I told you that my friend’s son George does math tutoring
for middle school kids in Brooklyn. He charges $15.50 per hour
plus a $6 fee that covers his travel expenses. If he is hired for a
three-hour session, how much will he charge? Take a moment to
think about, represent and solve the problem in any way that makes
sense to you. Then we will discuss. Here’s a copy of the situation
for you:

This task will allow
the researcher to see
the initial approach
and whether in
involves an
operational view or
a more structural
view of functions.

George does math tutoring for middle school kids in
Brooklyn. He charges $15.50 per hour, plus a fee of
$6 that covers his transportation expenses. If he is
hired for a three-hour session, how much will he
charge?

Probing questions to follow student’s initial ideas may include any
of the following:
15

16

You said George will charge $52.50 for this three hour session.
What if he does twice the time — in other words a “marathon” sixhour tutoring session? Can he just double the $52.50? Why or why
not? Could you defend your thinking to someone who wasn’t sure?

Having established
some initial
relationship between
hours and money
earned, this task will
allow the researcher
to see the initial
approach and
whether in involves
an operational view
(e.g., trying more
values one at a time)
or a more structural
view of functions
(e.g., considering
the relationship
holistically).
If we made a graph of this situation with George, what would it
Being able to
look like? What would be on the x and y axes, do you think? What translate between
would the overall shape of the graph look like? And why? If you
representations of
want to, describe it or make a quick sketch.
the same function is
an important part of
function sense.
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17

Okay. Here’s another situation. Again, I’ll give you something to
look at for a minute or two and then hear your ideas about it.
Ready?

18

Here’s another situation my friend who is a scientist. She works
upstate developing new types of plants and she was measuring the
length of a new plant that grows very rapidly in indoor fluorescent
light. When she got the plant it was already 6cm tall, and once she
put it in the soil, she noticed that it grew 151/2 cm each day. Any
questions, so far?

19

So now she is wondering, based on this, how tall the plant will be
after 6 days? Here’s the situation written down for you to look at as
you solve this question. I’ll give you some time to do this, then we
can talk.
My friend, a scientist, works upstate developing
new types of plants. She was measuring the length
of a new plant that grows very quickly in indoor
fluorescent light. When she got the plant it was
already 6cm tall, and once she put it in the soil,
she noticed that it grew 15 1/2 cm each day. So
now she is wondering, based on this, how tall the
plant will be after 6 days?

Here we wonder
whether the
similarity of this
problem to the
previous problem is
immediately known,
or whether the
context disguises the
underlying
mathematical
relationships.

Probing questions to follow student’s initial ideas may include any
of the following:
20

21

You said the plant will be 52 1/2 cm tall at the end of the 6th day.
Say more about how you know this?

Here is another
chance to see how
the student
approaches this task:
operationally or
structurally.
Let’s pretend that the scientist recorded each day’s growth in a
This in an invitation
chart. Go ahead and make what that chart might look like for the
to use a
first few days. How could you use the chart to find the height on the representation, but
6th day?
will only be used in
case of mathematical
error, hesitancy or
Time (in days)
Height of Plant (in cm)
confusion. It allows
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0
1
2
3

6
21 1/2
37
52 1/2
Sample Chart

22

If you know the height of the plant at day 3, can you double this to
find the height at day 6? Why or why not?

23

Now let’s look at the two situations together. Remember George
who does math tutoring? Okay, so I’d like you to think about how
the situation with George and the situation with the plant are related
— How are they similar? How are they different? How do you
know?

24

Next I’d like you to look at this doctor’s schedule. What are you
noticing so far?
Dr. Harris Schedule (MONDAY)
Name
CODE Time
Lee Jackson
C
8:35 am
Kelvin Smith
G
Bonnie Lewis
H
Barbara Stevens
W
Steven Chen
X
Edgar Raymonds
H
Annie Lin
S
Missy Thatcher
C
Doug Satar
N
Rob Newman
M
Jessica Patroy
L
Rebecca Budolfson
C
Joanna Mims
W
Genesis Davies
X
Break
10:05 am

25

So even though some of these appointments were probably longer
or shorter than others, can you determine about how fast Dr. Harris
was seeing patients this day?
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the student to
consider their
original answer in
light of this new
finding and make
sense of the
difference.

If the student has not
noted the
relationship between
the two problems,
this prompt invites
them to do so.
This task mirrors a
task in the study
(High School
Graduation) and
elicits initial
conceptions about
rate.

Probing questions to follow student’s initial ideas may include any
of the following:
26

27

I see that you divided:
§ 14 (patients) by 90 (minutes)
§ 14 (patients) by 1.5 (hours)
§ 90 (minutes) by 14 (patients)
§ 1.5 (hours) by 14 (patients)
Why did that make sense to you? And what does your answer
mean?
What would have happened if you had done the reverse of what
you did?
§ 90 (minutes) by 14 (patients)
§ 1.5 (hours) by 14 (patients)
§ 14 (patients) by 90 (minutes)
§ 14 (patients) by 1.5 (hours
Would that answer have made any sense? Why or why not?

28

Great! That’s all the questions I have for you today. Is there
anything you are thinking about now, or want to ask me about the
interview or the research in general?
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Should students
present confusion
over units, this
prompt encourages
the student to make
sense of their
answers to far.
The ability to
reverse the units in a
rate, and still make
sense of the result, is
an important feature
of function sense.
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